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PREFACE 

In the preparation of this text the author acknowledges 
joint-authorship with Robert L. Short. 

This book meets the demand that the pupil be given an 
elementary algebra containing no more than can be accom- 
plished in the time allotted to the subject. It is not intended 
for a complete course, but gives the student a good working 
knowledge of the subject through simultaneous quadratics. 
It should be followed by a second course by those intending 
to pursue the study of higher mathematical subjects. This 
book is sufficient preparation for geometry, and the frequent 
introduction of geometric ideas and geometric problems not 
only prepares for geometry but also makes that subject at- 
tractive to the learner. 

This text is as brief as the algebra of years ago, and yet 
contains all that is good in modern mathematical thought. 
Attention is called to the introduction of graphical methods 
through simple horizontal and vertical measurements (Exer- 
cise 4, Exercise 41, problems 28-30). This procedure makes 
the transition to Cartesian coordinates a natural one. Teach- 
ers will find that the color scheme recommended in graphs 
will greatly aid the student in connecting related data. Peda- 
gogical advantage is gained through the combining of related 
and reverse processes. (Chapters III, VII, X, XII, XIII.) 

The use qi the fractional exponent in operations involving 
surds is recommended, thereby avoiding confusion, since the 
four fundamental laws and the exponential laws of Multipli- 
cation, Division, Involution, and Evolution, are the only ones 
involved. The complete index will be found helpful to both 
pupil and teacher. No attempt is made toward technical 
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definition. Definitions for the beginner must be explanatory 
and descriptive. The lists of queries will aid in fixing both 
definitions and principles. 

The authors thank the many teaehers of mathematics who 
have made this book better and have brought it close to 
actual class-room conditions by their timely criticism and 
suggestion. 

Webster Wells. 
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ALGEBRA 



I. DEFINITIONS AND NOTATION 
8YMBOU3 BEPBESENTINa NX7MBSB8 

1 . In Algebra the symbols usually employed to represent 
numbers are the ArcAic numerals and the letters of the 
alphabet. 

The numerals represent known or determinate numbers. 
The letters represent numbers which may have any values 
whatever, or numbers whose values are to be found. 

EQUATIONd 

2. The Sign of Equality, =, is read " equals.^^ 
Thus, a =6 signifies that the number a equals the number h. 

3. An Equation is an expression of equality. 

The^r^^ member of an equation is the number to the left 
of the sign of equality, and the second memher is the num- 
ber to the right of that sign ; thus, in the equation 2 a; — 3 «5, 
the first member is 2 a? — 3, and the second member 5. 

' AXIOMS 

4. An Axiom is a statement which is assumed as self- 
evident. Algebraic operations of finite numbers are based 
in part on the following axioms > 

1. Any number equals itself. 

2. Any number equals the sum of all its parts. 

3. Any number is greater than any of its parts. 

4. Two numbers which are equal to the same number 
or to equal numbers, are equal. 
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5. If the same number, or equal numbers, be added 
to equal numbers, the resulting numbers will be equal. 

6. If the same number, or equal numbers, be sub- 
tracted from equal numbers, the resulting numbers will 
be equal. 

7. If equal numbers be multiplied by the same number, 
or equal numbers, the resulting numbers will be equal. 

8. If equal numbers be divided by the same numrber, 
or equal numbers, the resulting numbers will be equal. 
Numbers oannot be divided by the number 0* 

SOIiUTIGN OF FBOBLEMS BT AIiGlBBBAIG MBTHODB 

5. The following examples illustrate some uses of alge- 
braic symbols : 

z. The sum of two numbers is 30, and the greater exceeds 
the less by 4 ; what are the numbers ? 

We will represent the less number by z. 
Then the greater will be represented by x+4. 

By the conditions of the problem, the sum of the less number and the 
greater is 30; this is stated in algebraic language as follows: 

x+x+4 = 30. (1) 

x+x^2z. 
Therefore, 2 x + 4 = 30. 

The members of this equation, 2 a; +4 and 30, are equal numbers; if 
from each of them we subtract the number 4, the resulting numbers will 

* 

be equal (Ax. 6, S 4). 
Therefore, 2 x = 30 - 4, or 2 a; = 26. 

Dividing the equal numbers 2 x and 26 by 2 (Ax. 8, § 4), we have 

x=13. 

Hence, the less number is 13, and the greater is 13+4, or 17. 
The written work will stand as follows: 

I^et X ^ the less number. 

Then, x + 4 =» the greater number. 

By the conditions, a:+x+4a=30. or 2ir+4 = 30. 
Whence, 2 a: =26. 

Dividing by 2, a;» 13, the less number, 

"^^benee, a; + 4 « 1 7, the greater number. 
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2. The sum of the ages of A and B is 109 years, and A 
is 13 years younger than B ; find their ages. 

Let n represent the number of years in B's age. 
Then, n— 13 will represent the number of years in A's age. 
By the conditions of the problem, the sum of the ages of A and B is 
109 years. 
Whence, n-13+n=109, or 2n-13 = 109. 

Adding 13 to both members (Ax. 5, § 4), 

2n=122. 
Dividing by 2, n «= 61, the number of years in B's age. 

And, n— 13 ~ 48, the number of years in A's age. 

The written work will stand as follows: 

Let n = the number of years in B's age. 

Then, n ^ 13 » the number of years in A's age. 

By the condition*, n--13+n = 109, or 2n-i3 = 109. 

Whence, 2n»122. 

Dividing by 2, n=s 61, the number of years in B's age. 

Therefore, n — 13 » 48, the number of years in A's age. 

In Ex. 2, we do not say " let n represent B's o^e," but " let n represent 
the number of years in B's age." 

3. A, B, and C together earn $66. A's share is One-half 
as much as B's, and C's is 3 times as much as A's. How 
much has each? 

Let X =the number of dollars A has. 

Then, 2 x =the number of dollars B has. 

and 3 x =the number of dollars C has. 

By the conditions, a;+2:r+3a; = 66. 
But the sum of x, twice x, and 3 times a; is 6 times x, or 6 x. 

Whence, 6x = 66. 

Dividing by 6, x = 11, the number of dollars A has. 

Whence, 2 x =22, the number of dollars B has, 

and 3 X =33, the number of dollars C has. 

(By letting x represent the number of dollars A has, in Ex. 3, we avoid 
fractions.) 
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X£S£BCI8S 1 

Write the following in algebraic symbols : 

1. One number is 4 more than another. What is their 
sum ? (Hint : Let a;= the smaller number.) 

2. There are three numbers such that the second is twice 
the first, and IJie third thrice the first. What is their sum ? 

3. The sum of two numbers is 20 and one of the numbers 
is X, What is the other number ? 

4. If one number is 4 times another, what is their differ- 
ence? 

5. Write: the sum of 5 times a certain number and 3 
times the number, divided by 3. 

6. The sum of two numbers is a and one of the numbers 
is b. What is the other ? 

7. The greater of two numbers is 8 times the less, and 
exceeds it by 49 ; find the numbers. 

8. The sum of the ages of A and B is 119 years, and A is 
17 years older than B ; find their ages. 

9. Divide $74 between A and B so that A may receive 
$48 more than B. 

ID. Divide $108 between A and B so that A may receive 

5 times as much as B. 

11. Divide 91 into two parts such that the smaller shall 
be one-sixth of the greater. 

12. A man travels 112 miles by train and steamer; he 
goes by train 54 miles farther than by steamer. How many 
miles does he travel in each way ? 

13. The sum of three numbers is 69 ; the first is 14 greater 
than the second, and 28 greater than the third. Find the 
numbers. 

14. The area of a trapezoid is equal to the product of one- 
half the sum of the parallel sides and the altitude. In the 
trapezoid ABCD^ AD is 8 more than BC, EB is 6, and the 
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« 

area of the trapezoid is 54. Find the length b c 

of BC and of AD, Is the drawing cor- / \ \ 
rect ? '^ IE ^D 

15. The sum of two angles a and b is 180^. The angle b 
is three times as great as the angle a. Find the 
number of degrees in each angle. 

16. Divide $6.75 between A and B so that A may receive 
one-fourth as much as B. 

17. A man has $2. After losing a certain sum, he finds 
that he has left 20 cents more than 3 times the sum which 
he lost. How much did he lose ? 

18. A, B, and C in partnership gain $140 ; A is to have 4 
times as much as B, and C as much as A and B together. 
Find the share of each. * 

19. One side of a rectangle is thrice the side adjacent to 
it. The Opposite sides are equal, and the ^ 
sum of the sides is 24 inches ; find the 
length and breadth. 

20. At an election two candidates, A and B, had together 
653 votes, and A was beaten by 395 votes. How many did 
each receive ? 

21. A field is 7 times as long as it is wide, and the dis- 
tance around it is 240 feet. Find its dimensions. 

22. My horse, carriage, and harness are worth together 
$325. The horse is worth 6 times as much as the harness, 
and the carriage is worth $65 more than the horse. How 
much is each worth ? 

23. The sum of three numbers is 87 ; the third number is 
one-eighth of the first, and the second number 15 less than 
the first. Find the numbers. 

24. The sum of the three angles of a 
triangle is always ISO®. In a triangle ABC, 
angle B is- 30° larger than angled, and a- 
angle C is 30° larger than angle B. Find the number of 
degrees in each angle. 
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25. The sum of the ages of A, B, and C is 110 years ; B's 
age exceeds twice C's by 12 years, and A is 9 years younger 
than B. Find their ages. 

26. A pole 77 feet long is painted red, white, and black ; 
the red is one-fifth of the white, and the black 21 feet more 
than the red. How many feet are there of each color? 

27. Divide 70 into three parts such that the third part 
shall be one-fifth of the first, and one-fourth of the second. 

28. In an algebra class of 27 pupils there are twice as 
many girls as boys. How many girls in the ckss? 

29. A, B, and C have together $22.50; B has $1.50 more 
than A, and C has $8 less than twice the amount that A has. 
How much has each ? 

30. In a triangle, ABC, angle C is 90% 
angle B is twice angle A. The sum of 
the three angles is 180^. Find the angles 
A and B, ^' 

31. The sum of the three sides of a triangle, ABC, is 35 
^ feet. Side AB is 4: feet more than side 

BC and side AC is 7 feet more than side 
.0 BC. Find the length of AB and AC. 

32. Three straight lines are drawn from a point O forming 
the angles a, 6, and c. b is 30^ larger than a ; c is 
30^ larger than b. The sum of the three angles 
is 360^. Find the number of degrees in each angle. 

DEPINinONS 

6. The continued product of a number by itself any num- 
ber of times is called a Power of that number. 

An Exponent is a number written at the right of, and 
above another number called the Base, to indicate what power 
of the latter is to be taken ; thus. 
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a^ read "a square,^ or "a second power^^ denotes aXa; 
a^ read "a cube^^^ or "a ^Air(2 power" denotes aXaXa; 
a\ read "a Jhurth^" " a fourA power^" or " a escponen^ 
4/* denotes aXaXaXa, etc. 

The meaning of exponent will be extended in Chap. XIII. 
If no exponent is expressed, the^rs^ power is understood. 
Thus, a is the same as a^ 

7. Symbols of Aggregation. 

The parentheses ( ), the brackets [ ], the braces {}, and 

the vinculum , indicate that the numbers enclosed by 

them are to be taken collectively ; thus, 

(a4-6)Xc, [a4-6]Xc, {a4-6}Xc, and oTbXc 

all indicate that the result obtained by adding 6 to a is to 
be multiplied by c. 

If an expression involves parentheses^ the operations indi- 
cated within the parentheses must be performed first. 

EXSBCISE 2 

Write the following in symbols : 

1. The result of subtracting 6 times n from 5 times m. 

2. Three times the product of the eighth power of m and 
the ninth power of n. 

3. The quotient of the sum of a and b divided by the sum 
of c and d. 

What operations are signified by the following? 

12. (2a+6)(4c-5rf). 



4- 


2 xY- 


8. 3~(y-f2). 


5. 


m{x -y). 


9. (rn—ny. 


6. 


ex 
tnh 


a c 

"• b-d 


7. 


3-f(y-2). 





II 



\x yj 



13 
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Write the following in symbols : 

14. The product of Sx + y and z^ 

15. The result of subtracting^ — z from x. 

16. The product of a — 6 and c — d. 

17. The result of adding the quotient of m by n, and the 
quotient of xhj y» 

1 8. The square oi m + n. 

19. The cube of a — 6 + c. 

20. Translate into English ; 

21. In the above example is a a number? What value has 
it? If a were 5 and b were 3, what would be the value of 
the fraction ? 

22. Translate into English — 2« 

x-y 

23. In example 22, if a; is 7 and y is 5, find the fraction. 

ALGEBBAIC EXFKB8SIONB 

8. An Algebraic Expression, or simply an Expression, is a 
number expressed in algebraic symbols ; as, 

2, a, or 2 a:'- 3 06+5. 

9. The Numerical Value of an expression is the result 
obtained by substituting particular numerical values for the 
letters involved in it, and performing the operations indi- 
cated. 

1. Find the numerical value of the expression 


when 0=4, 6=3, c=5, and d=2. 

Wehave, 4a+^^-d»=4X4+^-2» = 16 + 10-8=18. 

3 

2. Find the numerical value, when a = 9, 6 = 7, and c = 4, of 

a-f6 



(a -6) (6+c)- 



6-c 
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First perform the operations indicated in parentheses. 
We have, a—b =2, b+c =11, a + 6 =16, and b—c =3. 
Then the numerical value of the expression is 

16 



2X11- 



.22-i^ = ^. 



EXSBCISE 3 



Find the numerical values of the following when a=6; 6=3, 
c=4, d=5, m=3, and n=2: 

3. 3 064-4 6c— 5orf. 



I. a^b—ccP. 

4. a'"6". 

5. o* + 6«. 

6. ~ + — . 
be ad 

1.1 1 
oca 



2. 2 abed. 



a b , c 
oca 



10. -4.- 
a 



II. 



5c^d 



a 



3 



11 
c d 

cd^ 
2V 



8. 



15 c^ 

28 <f' 



12. —--I- — ;: 



a' 



6' 



Find the numerical values of the following when a=5, 6=2, 
c=3, and d=4: 

'2a+(f\^ 15. ba\a-b)-'2b\c-\-d). 



13 



s^ 



2 6-f< 
14. (a2-62-rf2)3. 16. 8(a-6)H3(c+rf)^ 

17. (a-6)H(2a-3 6)2-(6+c)^ 

18. (2a-6-c-fd)(2a4-64-c-d). 
8aH-36-6c 



19. 



a—b . a—c . a—d 

20. r H h 



9 a— 4 6 — 3 c a-f6 a+c a4-d 

Find the numerical values of the following when a=|, 
6 = |, c=J, and a;=4: 



21. 



a-fc a—c 



22. 



8aH-66-15c 



a—c a-^-c 16a4-10 6+9c 

23. a?H(2a+3 6)a;2-(5a-4c)x+f a6c. 

13 



24. a:' 4--7-^'H — H — x 

a a c 



abc 
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U. POSITIVE AND NEGATIVE NUMBERS 

10. In financial transactions, we may have assets or lia- 
bilities^ and gains or losses ; we may have motion along a 
straight line in a certain direction, or in the opposite direc- 
tion ; etc. Taken in pairs, these ideas have opposite mean- 
ings or opposite sense. 

In each of these cases, the effect of combining with a mag- 
nitude of a certain kind another of the opposite kind is to 
diminish the former, destroy it, or reverse its state. 

Thus, if to a certain amount of asset we add a certain amount of 
liability, the asset is diminished, destroyed, or changed into liability. 

1 1 . The signs + and — , besides denoting addition and 
subtraction, are also used, in Algebra, to distinguish between 
the opposite states of magnitudes like those of § 10. 

Thus, we may indicate assets by the sign +, and liabilities by the 
sign ~ ; for example, the statement that a man's assets are — $100 
means that he has liabilities to the amount of $100. 

EXSBCI8E 4 

1. If a man has assets of $400, and liabilities of $600, 
how much is he worth ? 

2. If gains be taken as positive, and losses as negative, 
what does a gain of —$100 mean? 

3. In what position is a man who is —50 feet east of a 
certain point P ? See figure. r T^ **■ ^ t 

^ ^ West ' Ea»r 

4. In what position is a man who is — 3 miles north of a 
certain place ? Draw the figure showing this. 

5. How many miles north of a certain place is a man who 
goes 5 miles north, and then 9 miles south ? Draw figure. 

12. Positive and Negative Numbers. 

If the positive and negative states of any concrete magni- 
tude be expressed loithout reference to the unit^ the results 
are called positive and negative numbers^ respectively. 
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Thus, in + $5 and —S3, + 5 is a positive number, and 
— 3 is a negative number. 

For this reason the sign + is called the positive sign, and 
the sign — the negative sign. 

If no sign is expressed, the number is understood to be 
positive ; thus, 5 is thd same as + 5. 

The negative sign must never be omitted before a nega- 
tive number. 

13. The Absolute Value of a number is the number taken 
independently of the sign affecting it. 

Thus, the absolute value of — 3 is 3. 

ADDITION OF F08ITIVB AND NEGATIVE NUMB1BB8 

14. We shall give to addition in Algebra its arithmetical 
meaning, so long as the numbers to be added are positive in- 
tegers or positive fractions. 

We may then attach any meaning we please to addition 
involving other forms of numbers, provided the new meanings 
are not inconsistent with principles previously established* 

15. In adding a positive number and a negative, or two 
negative numbers, our methods must be in accordance with 
the principles of § 10. 

If a man has assets of $5, and then incurs liabilities of $3, 
he will be worth $2. 

If he has assets of S3, and then incurs liabilities of $5, he 
will be in debt to the amount of $2. 

If he has liabilities of $5, and then incurs liabilities of S3, 
he will be in debt to the amount of $8. 

Now with the notation of § 11, incurring liabilities of S3 

may be regarded as adding — S3 to his property. 

Whence, the sum of +S5 and — 13 is +$2; 

the sum of —$5 and +13 is — $2; 

and the sum of ^$5 and — $3 is — $8. 

Or, omitting reference to the unit^ 
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(4-5)+(-3)= + 2; 
(-5) + {+3)=-2; 
(-5) + {-3)=-8. 

To indicate the addition of +5 and —3, they must be enclosed in 
parentheses (§ 7). 

We then have the following rules :. 

To add a positive and a negative number, subtract 
the less absolute value (§ 13) from the greater, and prefix 
to the result the sign of the number having the greater 
absolute value. * 

To add two negative nimibers, add their absolute 

values, and prefix a negative sign to the result. 
» 

16. Examples. 

1. Find the sum of 4- 10 and —3. 

Subtracting 3 from 10, the result is 7. 
Whence, ( + 10) + (-3)= 4-7. 

2. Find the sum of — 12 and +6. 

Subtracting 6 from 12, the result is 6. 
Whence, (-12) + (+6)= -6. 



3. Add —9 and —5. 






The smn of 9 and 6 is 


14. 


Whence, 




(-9) + (-6)=-14. 




EXERCISE 5 


Find the values of the following : 


1. (-6)+(-7). 
3. (+8) + (-3). 




'•(-DH-I) 


3. (-9)+(+5). 




-i^lH-f)- 


4. (+4)+(-ll). 




5. (-13)+(-18). 




10. (-15i)+(+12i). 


6. (-42) +(+67). 




11. (+17j)+(-10^) 


7. (-34)+(+82). 




». (-14f) + (-2lTl^) 
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muijTiflioation of positive and negativii numbbbs 

17. If one algebraic expression is multiplied by another, 
the first is called the Multiplicand, and the second the Mul- 
tiplier. 

18. We shall retain for multiplication, in Algebra, its 
arithmetical meaning, so long as the multiplier is a positive 
integer or a positive fraction* That is, to multiply a num- 
ber by a positive integer is to add the multiplicand as many 
times as there are units in the multiplier. 

For example, to multiply —4 by 3, we add —4 three times. 
Thus, (-4)X{ + 3) = (-4) + (-4) + (-4)=»-12. 

19. In Arithmetic, the product of two numbers is the 
same in whichever order they are multiplied, that is, which- 
ever is taken as the multiplier. 

Thus, 3X4 and 4X3 are each equal to 12. 
If we could assume this law to hold for the product of a 
positive number by a negative, we should have 

(+3)X(-4)= (-4)X(+3)==-12 (§ 18)= -(3X4). 

Then, if the above law is to hold, we must give the follow- 
ing meaning to multiplication by a negative number: 

To multiply a number by a negative number is to mul- 
tiply it by the absolute value (§ 13) of the multiplier, 
and change the sign of the result. 

Thus, to multiply +4 by —3, we multiply +4 by +3, giving +12, 
and change the sign of the result. 

That is, (+*) X(-3) = -12. 

Again, to multiply —4 by —3, we multiply —4 by +3, giving —12 
(§ 18), and change the sign of the result. 

Thatis. (-4)X(-3) = + 12. 

20* From §§ 18 and 19 we derive the following rule : 

To miultiply one number by another, multiply together 
their absolute values. 

MaJce the product plus when the multiplicand and 
miultiplier are of like sign, and minus when they are of 
unlike sign. 
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21 • Examples. 

1. Multiply +8 by —5. 

By the rule, (+8)X{-5)=-(8X6) «-40. 

2. Multiply -7 by -9. 

By the rule, (-7) X(-9)= + (7X9) = +63. 

3. Find the numerical value when a=^i and b=^ —7, of 

(a+6)». 
We have, (a 4- 6)'= (4 - 7) (4 - 7) (4 - 7) 

«(~3)(-3)(-3)=«27. 





■EXISROIBB e 


Find the values of the following : 


I. (+5)x(-4). 


6. (-24)x(-6). 


3. (-ll)x(+3). 


7. (-14)x(+16). 


3. (-8)x(-7). 


8. (+27)x(-19). 


4. (+9)x(-6). 

5. (-12)x(+9). 


••(-|)x(-|> 



m. ADDITION AND SUBTRACTION OF ALGEBRAIC 
EXPRESSIONS. PARENTHESES 

22. A Monomial, or Term, is an expression (§ 8) whose 
parts are not separated by the sign -f or — ; as 2 a:^, — 3 a6, 
or 5. 

2x^, —Sab, and + 5 are called the terms of the expression 
2a;2-3a6 + 5. 

A Positive Term is one preceded by a + sign ; as + 5 a. If 
no sign is expressed, the term is understood to be positive. 

A Negative Term is one preceded by a — sign ; as — 3 ob. 
The — sign must never be omitted before a negative term. 

23. If two or more numbers are multiplied together, each 
of them, or the product of any number of them, is called, a 
Factor of the product. 

Thus, a, 6, c, ab, ac, and be are factors of the product o&c 
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24. Any factor of a product is called the CoefScient of 
the product of the remaining factors. 

Thus, in 2 a&, 2 is the coefficient of a&, 2 a of b, a of 2 by etc. 

25. If one factor of a product is expressed in Arabic 
numercUsy and the other in letters^ the former is called the 
numerical coefficient of the latter. 

Thus, in 2a&, 2 is the numerical coefficient of ah. 
If no numerical coefficient is expressed, the coefficient 1 is 
understood ; thus, a is the same as la. 

26. By §20, (-3)xa=-(3Xa)=-3a. 
That is, — 3 a is the product of — 3 and a. 

Then, — 3 is the numerical coefficient of a in — 3 a. 
Thus, in a negative term as in a positive^ the numerical 
coefficient includes the sign, 

27. Similar or Like Terms are those which either do not 
differ at all, or differ only in their numerical coefficients; as 
2a:^^and —Ix^y. 

Dissimilar or Unlike Terms are those which are not sim- 
ilar ; as 3 x^y and 3 xy^. 

ADDITION OF MONOMIAX8 

28. The result of addition is called the Sum. 

29. The adding of 6 to a is expressed a + b. The sum is 
(a 4- 6). But where no ambiguity is to be feared, parentheses 
may be omitted. 

30. The addition, of monomials is effected by uniting 
them with their respective signs. 

Thus, the sum of a, —6, c, — d, and — c is 

a—h+c—d—e, 

31 . We assume that the terms can be united in any order ^ 
provided eack has its proper sign. 

Hence, the result of § 30 can also be expressed 

c+a—c—d— 6, —d—6+c—e+a, etc. 



16 ALGEBRA 

32. To multiply 5+3 by 4, we multiply 5 by 4, and then 
3 by 4, and add the second result to the first. 

Thus, (6+3)4=5X4+3X4. 

We then assume that to multiply a + b by c, we multiply 
a by c, and b by c, and add the second result to the first. 

Thus, (a+6)c=5ac+6c. 

33. Addition of Similar Terms (§ 27). 

1. Required the sum of 5 a and 3 a. 

We have, 5o+3a=(5+3)a (§ 32) 

That is, we da not add the a's but the coefficients of the a's. 

2. Required the sum of — 5 a and — 3 a. 

We have, (-5a) + (-3a)=(-6)Xa+(-3)Xa (§26) 

=[(-6) + (-3)]Xa (§32) 

= (-8)Xa (§15) 

= -8a. (§26) 

3. Required the sum of 5 a and —3 a. 

We have, 5 a+(-3)o =[6+(-3)]Xa (§32) 

=2 a. (§ 16) 

4. Required the sum of — 5 a and 3 a. 

We have, (-5)a+3a=[(-6)+3]Xa (§ 32) 

= (-2)Xa(§ 15)= -2a. 

Therefore, to add two similar terms, find the sum of 
their numerical coefficients (§§ 15, 25, 26), and affix to 
the result the common letters. 

5. Find the sum of 2 a, —a, 3 a, — 12 a, and 6 a. 

Since the additions may be performed in any order, we may add the 
positive terms first, and then the negative terms, and finally combine 
these two results. 

The sum of 2 a, 3 a, and 6 a is 11 a. 

The simi of — a and — 12 a is — 13 a. 

Hence, the required sum is 11 a+ (—13 a), or —2 a. 

6. Add 3(a-6), -2(a-6), 6(a-fe), and -4(a-6). 
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The sum of 3(a-6^ and 6(0-6) is 9(a-6). 

The sum of -2{a-6) and -4(a-6) is -6(a-6). 

Then, the result is [9 + (-6)](a-6), or 3(a-6). 

If the terms are not all similar, we may combine the simi- 
lar terms, and unite the others with their respective signs 
(§ 30). 

7. Required the sum of 12 a, —5 a?, — 3 y^, --5 a, 8 a?, and 

-3 a?. 

The sum of 12 a and —5 a is 7 a. 
The sum of —5 x, 8 x, and —3 x is 0. 
Then, the required sum is 7 a— 3 y^. 

EXEBCISE 7 

Add the following : 
!• 8 m and 4 m. 8. 31 c'd' and -31 c^cP, 

2. 12 o and —5 a. 9« — 6(c+d) and — 4(c4-d). 

3. 12 a and -16 a. 10. -5(a:Hj/^) and -9(x^+y^). 

4. — 12 a and —5 a. 11. 7 a?, 4 a?, and —3 a?. 

5. — 8y' and — 20y'. 12. 16 a, —5 a, —3 a, and a. 

6. — 15cdand 13 cd. 13. 2 a, —5 a, and —11a. 

7. 24 a^b and —23 a^fe. i4« 3 xyz, 6 a;yz, and — 9 a?yz. 

15- 8(a?+y), -14(a;+j/), and 3(a;+y). 

16. 8n^ — n', 14 n^ — 4n^ and 7n^ 

17. 3a*fe', -5a*6^ a*6^ -9a*6^ and 20a*fe2. 

18. 3 ax, —4 6a?, 5 dx, and —2 6a;. 

19. 3(a+6), 4(a-6), -2(a+6), and 6(a-6). 

20. 4 /t, 3 A?, —5 a, 2 A?, —h, and 2 a. 

ADDITION or FOLYirOMIAIiS 

34* A Polynomial is an algebraic expression consisting of 
more than one term ; as a + 6, or 2a?^— a?y— 3 y^. 
A polynomial Is also called a multinomial. 
A Binomial is a polynomial of two terms ; as a + 6. 
A Trinomial is a polynomial of three terms ; as a + 6 — e. 
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35. A polynomial is said to be arrange^ aooording to the 
descending powers of any letter, when the term containing 
the highest power of that letter is placed first, that having 
the next lower immediately after, and so on. 

Thus, a;*+3 x^y-2 a:y +3 xy^-^y^ 

is arranged according to the descending powers of x. 

The term —4 y*, which does not involve x at all, is regarded as con- 
taining the lowest power of x in the above expression. 

A polynomial is said to be arranged according to the 
ascending powers of any letter, when the term containing 
the lowest power of that letter is placed first, that having 
the next higher immediately after, and so on. 

Thus, xHS x^y-2 jry +3 xy^-^y^ 

is arranged according to the ascending powers of y. 

36. Addition of Polynomials. 

Let it be required to add b+c to a. 
Since b+c is the sum of b and c (§ 29), we may add b+o to 
a by adding 6 and c separately to a. . 

Then, n+(b+c)^a+b+c. 

(To indicate the addition of &+c, we write it-in parenthesis.) 
The above assumes that, to add the sum of a set of terms, we add the 
terms separately. 

37. From § 36 we have the following rule : 

To add a polynomial to a quantity, add its terms with 
their signs unchanged. 

I. Add 6o— 7a;^ 3a;*--2a4-3J/^ and 2 a?'— a— mn. 

We set the expressions down one underneath the other, similar terms 
being in the same vertical oolimm. 

We then find the sum of the temas in each column, and write the 
results with their respective signs ; thus, 

-2a+3a:»+3 2/» 

— 0+2 3^ ^tnn 

3o-2a:* + 3 2/»-mn 
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2. Add ^x-Sx^-ll+Sx^ 12a?'-7~8a?»-15a;, and 

14+6a;*+10a;-9a;*. 

It is convenient to arrange each expression in descending powers of x 
(§35); thus, 5:c»- 3:^+4:r-ll 

6g»~ 9a;» + 10a;+14 
3a:» - a:- 4 

3. Add 9(a+fe)~8(6+c), -3(6+c)-7(c+a), and 

4(c+a)-5(o+6). 

9{a+fe)~ 8(fe+c) 

- 3(fe+c)-7(c+a) 

-5(a+6) +4(c+a) 

4{a+6)-ll(6+c)-3(c+a) 

4. Add |a+|fe— Jc and ^a—^b+^c. 

ia+ ib- ic 
jg- ib+ jc 

SXEB0I8IS 8 
Add the following : (Results may be checked as in Chap. XVII.) 



I. 



2. 



3. 



2a-5 6 


- 4x^+3y^ 


-8a:y+2«« 


-7o+6 6 


a;'~4y* 


+2«y— 7«< 


9o- b 


~lla;H8y* 


— Soey+5^ 



4. 7d-4r-6w and 3d+9r+2n. 

5. 5 a'-4 a6+6^ 4 0^+4 a6+5 6^ and -9 a'+6 fe^. 

6. 2 m~3 x+Z, m+x-^f, and m+/. 

7. 3 6i^4-2pi-g/, 5 6w~7pA:+2g/. 

8. 6^2+3 62-8 6», 6+6-feH7 6^ and 6 + 2 fe2^4 5^ 

9. 3(a+6)-7(6+c), 5(o+5)+5(fe+c), and 

-2(a+fe)-3(6+c). 

10. i a— J 6-f f c and — | o+^ ^—^ ^• 

11. 4^+3w-~6c, -2<-a+3c, 2a-9c+2w, and 

5<4-3a~4 u. 

12. ^ a;+f y+^ z and ^ x-^ y-i 2. 
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1 3 . Add these equations (Ax. 5, H) ^ then find the value oix: 

After X is known can you find y ? 

14. Find y by adding these equations : 

5a? + 2y= 16, 

-6a?+3y=~l. 
What value has x ? 

15. Find X and y in these equations: 

2a;+3y=ll, 

a;~3y=» 1. 
Add the following : 

16. 14(a:+y)-17(y4-z), 4(y-f3)~9(z+a?), and 

-3(a?+y)-7(2-fa;). 

17. 6 c-f 2 a-3 6, 4 d-7 c+12 a, 8 6-5 d-f c, and 

-10o-116-f9d. 

18. -7(a-6)'-f 8(a-6)+2, 4(a-fe)»-5(a-6), and 

3(a-6)*~9. 



( 





















1st No. 


2nd No. Sum. Ist No. 


2nd No. Sum. 


I. 


+ 8 


+ 


? 


= 5 6, X 


+ 


9 

• 


=x+y 


2. 


-10 


+ 


? 


= -7 7- 


+ 


? 


=0 — 6 


3- 


+ 10 


+ 


? 


= -7 8. 


+ 


• 


= 6 


4- 


+ 6 


+ 


? 

• 


= 11 9. -b 


-f 


? 

• 


=0 


5- 


- 3 


+ 


• 


= —9 10. c 


+ 


? 


= 6 



38. In the above examples we have given the sum of two 
numbers and one of the numbers to find the other number. 

SUBTBACTION OF MONOMIALS 

39. Subtraction is the process of finding one of two num- 
bers when their sum and one of them is given. 

. The Minuend is the sum of the numbers. 
The Subtrahend is the given number. 
The Difference is the required number. 
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40. Therefore, to subtract one number from another is to 
find a number, which added to the subtrahend will produce 
the minuend. 

For example, to subtract 3 from 10, we find the number, which, added 
to 3, will produce 10. By remembering the result in addition such num- 
ber is seen to be 7. Thus 7 is our difference. 

To subtract —4 from 9, find the number which, added to —4, will 
produce 9. By inspection this number is evidently 13. 

Subtract —6 from —8. 

—6 plus —2 gives —8, 
hence our difference is —2. 

Subtract -1-3 from -9. 

3 + (-12) = -9, 
hence — 12 is our difference, 

EXEBCIBE 10 

Subtract the following : 

1. 7 from 2. 4.-3 from 8. 7. 6 from 13. 

2. 3 from ~8. 5. —6 from — 11. 8. —9 from 3. 

3. -11 from -10. 6. 36 from 12. 

II. 12. 
-4a 13^ 
-7a - t 

41. Notice that in each of the above examples the result 
is the same as if we had changed the sign of the subtrahend 
and proceeded as if adding the subtrahend to the minuend. 

42. Similarly, from § 41 this rule follows : 

To subtract one number from another, changre the 
sign of the subtrahend and proceed as in addition. (The 
sign of the subtrahend must be changed mentally,^ 

BXSBCISE 11 
Subtract the following : 

(The accuracy of all results may be checked by adding the difference 
to the subtrahend.) 

1. 5 oa: from ax, 3. 14 a^ft* from 11 a'ft'. 

2. Zabcivom -Qabc. 4* 15(a-fe) from 19(a-fc). 



9. 


10. 


9 a; 


4a 


Sx 


— 5a 
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5. i my from ^ my. 8. From 8 a take 3 6. 

6. —11 ch from —6 c^s. 9. From 7 x take —2 y. 

7. —21 cy from 13 cy. 10. From —3 a take 4 6^ 



SUBTBAOnON OF POLYNOMIALS 

43. Since a polynomial may be regarded as the sum of its 
separate terms (§ 30), we have the following rule: 

To subtract a polynoznial, ohaaige the siffn of eaoh of 
its terms, and add the result to the minuend. 

1. Subtract 7a6'-9o'6+86» from 6a»-2o'6+4o6*. 

It is oonvement to place the subtrahend under the minuend, so that 
similar terms shall be in the same vertical column. 

We then merUaUy change the sign of each term of the subtrahend, and 
add the result to the minuend; thus, 

5a»-2a'6+4o6» 
6a»+7a%-3fl*>-8b» 

2. Subtract the sum of 9 x^—Sx+x* and 5 — x^+x from 

We change the sign of each expression which is to be subtracted, and 

add the results. 

Qa^ -7a8-4 

+ x*- x-5 ' 
5x»-8x» -9 

BXSBOIBB 12 

Subtract the following: 

I. 2. 3. 

a:'+13a:-ll -2m^-4mn+ 9n' ab-^bc+ca 

-3x^+ 6x- 5 8m^-7mn+14n' ab—bc+ca 



4. From 9 a+4 A— 5 k take 9 a— 4 h+5 L 

5. From 6 x^-5 aj'+4 x-S take a?»-3 a:'-2 a:+l. 

6. From 11 a- 9 6+2 z subtract —3 z+2 o-14 b. 
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7. Take -8(/i+ifc)+3(A-ifc) from {h+k)-4t(h-k). 

8. Subtract 74 2^-47 ai+30 P from 24 ifc^-SO «ik+10 «'. 

9. Prom7i;-8«+75f'take-16i;+19*. 

10. What must be added to 4 ^+18 z^—x to give 0? 
XI. By how much does 8 x'— 7x'+5 x— 1 exceed 

a?«+14a?^-3x+7? 

12. From a?'— 11 x+4 subtract 8 a?*— 3 a:— 1. 

13. From a^+2 ab+b^ take a*-2a6+R 

14. Find the sum of a' +2 06+ fc' and a^— 2afc+fc'. 

15. From the sum of a?'+4 a;'+4 x and 2 x^+8 x+8 take 
6 a?H 12 X. 

16. From the sum of a'— 2a'fc+a6' and — a^6+2a6'— fc' 
take the sum of a'+2 o'fc+aft^ and a'fc+2 a6'+ft'. 

17. From ^ «— I a+f 6 take ^ 5+i a— J 6. 

x8. From | gt^+v-^ t take gfe'-^ t;+6 e. 

xg. Take a*-6 a»- 15 a'- 8 a+4 

from 7 aH3 a'-5 a'- 11 a- 9. 

20. From J m— J n+^ p take f m— f n+ J p. 

21. From n*— 10 w'x— n*x*+8 nx'+3 x* 

take 5 n*+4 n'x— 9 w^x'+2 nx'— 12 x*. 

22. Take 18x*-8x+6x*+12-8x* 

from ~10xH2-15xHllx»-4x. 

23. Take a^- 10 a»6H13 a^fc'-? 06*- 5 fc^ 

from 9 aH3 a*6+6 a»fc'-o^6»- 16 b\ 

24. From the sum of 2 x^—S xy—y^ and 7x^—3 xy+9 y^ 

subtract 4 x'— 6 xy+8 y*. 

25. From subtract the sum of 4 a^ and 3 a— 5 a^— 1. 

Add the following pairs of equations to find x, subtract 
them (Ax. 6, § 4) to find y. Verify results by substituting 
the values of x and y in the given equations : 

fx+y«5, r2x+5y= 16, ^ r5v+x=«9, 

X— y^l. I2x— 5y=— 4. ipy— x«l. 
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PABJBNTHESIBS 

44. Removal of Parentheses. 

By § 30, a + (fc-c)=a-hfc-c. Henoe, 

Parentheses preceded by a + sign may be removed 
without ohanging the signs of the terms enclosed. 

Again, by § 43, a — (6 — c) = a — 6 + c. Hence, 

Parentheses preceded by a — sign may be removed if 
the sign of each term enclosed be changed. 

The above rules apply equally to the removal of the 

brackets^ braces, or vinculum (§ 7). 

It should be noticed in the case of the latter that the sign apparently 
prefixed to the first term underneath is in reality prefixed to the vin- 
culum; thus, +a— bmeans the same as + (a— 6), and —a— 6 the same 
as —(a— 6). 

45. I. Bemove the parentheses from 

2 a-3 6- (6 0-4 6)+(4 a-6). 
By the rules of § 44, the expression becomes 

2a-3 6-5a+4 6H-4a-6=a. 

Parentheses sometimes enclose others ; in this case they 
may be removed in succession by the rules of § 44. 

Beginners should remove one at a time, commencing with 
the innermost pair ; after a little practice, they should be able 
to remove several signs of aggregation at one operation, in 
which case they should commence with the outermost pair. 

2. Simplify 4x— {3a:-|-(— 2 a:— X— a)}. 

We remove the vinculum first, then the parentheses, and finally the 

braces. 

Thus, ^x-\Sx+{-2x-x^)\ 

==4x-\3x'\-i-2x-X'\-a)l 
=4 X— (3 a?— 2 re— a;+a( 
=4 xS x+2 x+x—a=4: x—a. 

WLERCJSE 13 

1. Whatisthesignof 2a:in3a:2_4^.(2a:+l)? 

2. What is the sign of a in 4a' — a — 4c* + 9«'? What is 
the coefficient of a after the vinculum is removed? 
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Simplify by removing the signs of aggregation and then 
uniting similar terms: 

3. 11 a-(-6m+5'c)-(3a+4c). 

5. xH[~3a:2~(2y'-2ic')+2y^]. 

6. 7^+w~{6f-tHh7-3}. 

7. (aH2a6+ft2)_(^2_2a6+62). 

Compare Ex. 13, Exercise 12. 

8. a?«-(-3a:V-3a:y2)^y8_(^8_|-3a.3y_3^y2^y3j) 

Compare Ex. 16, Exercise 12. 

9. 7x-{~8y-10x-lly}. 

ID. a'- (-- 6 o^- 12 a + 8) ~ (aH 12 a). 

Compare Ex. 15, Exercise 12. 

46. Insertion of Parentheses. — To write terms in paren- 
thesis, we take the converse of the rules of § 44. 

Any number of terms may be written in parenthesis 
preoeded by a + sign, without changing their signs. 

Any number of terms may be written in parenthesis 
preceded by a — sign, if the sign of each term be 
changed. 

Ex. Write the last three terms of a— 6+c— d-f-e in pa- 
renthesis preceded by a — sign. 
Result, a— 6 — (— c+d— 6). 

BXEBCISE 14 

In each of the following expressions, write the last three 
terms in parenthesis preceded by a - sign: 

1. a-f-&+c— d. 5. Sx^^y^—y-^z. 

2. mH3m-2+fc. 6. a^-ft^+c'-d^ 

3. x'— 3a?'+3 a:— 1. 7^ x*— 2 xy— y^— 2yz— 25^ 

4. 4a*-3a'-2a^-a. 8. 2 0*^-10 a*-8 a*+5 o*-6a+9. 
9. In each of the above results, write the last two terms in 

parenthesis in brackets preceded by a — sign. 
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47. Addition and Subtraction of Terms having Literal 
Coefficients. — To add two or more terms involying the 
same power of a certain letter, with literal, or numerical 
and literal, coefficients, it is convenient to put the coefficient 
of this letter in parenthesis. 

X. Add ax and 2x. 

By § 32, aa;+2a; = (a+2)x. 

2. Add (2 m+n)y and (m— 3 n)y. 

(2inH-n)v+(m-3n)y=[(2in+n) + (m-3n)]y 

= (2 m+n+mS n)y=s(3 m— 2 n)y. 

(The pupil should endeavor to put down the result in one operation.) 

3. Subtract (b—c)x^ from ax^. 

By SS 32, 42, 44, (M;'-(6-c)x»=[a-(6-c)]x» 

= (a— b+c)x'. 

EXEBOISE 16 

Add the following: 

1. oa; and ba;. 5. 06, te and — m%. 

2. 3 oft* and —4 6*. 6. c'a?' and (a— 3d)a?'. 

3. — a^6 and 5a'y. 7. (7 a+4 ft)x* and (3 m+n)a?'. 
4- 3 a^6c and ~8 cd. 8. (4 x— y)2* and (3 x+c)z\ 

Subtract the following : 
9. Scxtromdx. xi. —cxy from — da;y. 

xo. —4 my from 3 cy. X2. (c+d)x from ax. 
X3. (3 c-4 d)x^ from (6 c-h9 d)x^. 

QUBBIE8 

1. What is the difference between 4 x and 3 y ? 

2. Express the sum of three times a certain number and four times 
the same number. 

3. Do you make any distinction between a factor and a coefficient f 

4. Regarding 3 mxy and 5 cdx as the coefficients of the expressions 
3 amxy and 5 acdx, find the sum. Regard ax as the common part and 
find the siun. 

5. Does the sum of a and b, (a +6), have the same significance to you 
as the sum of 5 and 2, (5+2)? 
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6. Express algebraically : the sum of 6 times the sum of a and b, and 
9 times the sum of the same two numbers. 

7. What must you add to a pol3momial to produce 0? Give an 
example. 

8. Did you work problem 7 by addition or subtraction? Is there any 
difference between the two processes as here used? 

9. Have you noticed which forms of the signs of aggregation are 
used most? Does the vinculum appear often? 

10. Subtract 3 m(a+6) from 6 m{a—b), 

11 If yoiur difference is o^— 4x+7 and your subtrahend is 
3 «' + 4 re — 9, what is your minuend? 

IV. MULTIPLICATIOir OF ALGEBRAIC EXPRESSIOHS 

48. The Rule of Signs. 

If a and b are any two positive numbers, we have by § 20, 

(+a)x(+6) = +a6, (+a)x(-fc)«^-a6, 

(-a)x(-hft) = -a6, (-a)x(-6)«+a6. 

From these results we may state what is called the Rule 
of Signs in multiplication, as follows : 

The product of two terms of like sign is positive ; the 
product of two terms of unlike sign is negative. 

49. We have by § 48, 

(-a)X(-6)x(-c) = (a6)x(-c) 

= — a6c; (1) 

(-a)x(-6)x(-c)x(-d)-(-a6c)x(-d), by (1), 

^ahcd; etc. 

That is, the product of three negative terms is negative ; 
the product of four negative terms is positive ; and so on. 

In general, the product of any number of terms is posi- 
tive or negative according as the number of negative 
terms is even or odd. 

50. The Law of Exponents. 

Let it be required to multiply a' by a\ 
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By §6, a^^^aXaXQy 

and a^==axa. 

Whence, a' Xa^^^a Xa Xa Xa Xa^a^, 

The genercd case. — Let it be required to multiply a^ by 
a% where m and n are any positive integers. 

We have 0*^=0 Xax— to m factors, 

and a^=aXaX'»' to n factors. 

Then, a^Xa^'^aXaX'*' to m+n factors =a'""'"". 

(The Siffn of Continuaiiony •••, is read " and so on.**) 

Hence, the exponent of a letter in the product is equal 
to its exponent in the multiplicand plus its exponent in 
the multiplier. 

. This is called the Law of Exponents for Multiplication. 
A similar result holds for the product of three or more 
powers of the same letter. 

Thus, a« Xa* Xa*=a»+*+*=a*^ 

mujl/i'ipijICation of honomiaia 
51. I. Let it be required to multiply 7 a by —26. 

By §26, -2 6==(-2)X6. 

Then, 7aX(-2 6)=7 aX(-2)X6 

= 7X(-2)XaX6=-14a6. (§48) 

In the above solution, we assume that the factors of a proditct can he 
tmrUten in any order. 

2. Bequired the product of —2 a'ft', 6 06*, and —7 a^c. 

(-2aV)X6a6*X(-7a*c) 

= (-2)a'6»X6a6»X(-7)a*c 

= (-2)X6X(~7)Xa'XaXa*X&^Xfe*Xc 
=84 a'6«c, by §§ 49 and 50. 

We then have the following rule for the product of any 

number of monomials : 

To the product of the numerical coefficients (§§ 25, 
26, 49, 50) annex the letters; grivingr to each an ex- 
ponent equal to the sum of its exponents in the factors. 
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3. Multiply -5 a»6 by -8 ab\ 

(-5 a»6) X(-8 o&») =40 a»+*6^+»«40 a<6*. 

4. Find the product of 4n^ —3 n*, and 2 n*. 

4 n»X(-3 n*) X2 n*= -24 n»+»+* = -24 n". 

5. Multiply — af* by 7 x^ 

6. Multiply 6(m+n)* by 7(m+n)*. 

6(m+n)*X7(m^-n)»=42(m^-n)^ 

BXSBCISE 16 

Multiply the following : 

1. 4 a' by 7 a*. 5. - 12 x^y by 9 a!?y'. 

2. 6 rri^d by 9 md^. 6, 4 x*y^z by — 11 x^y^z*. 

3. 11 ax by -8 ab. 7. 3 (x+y)' by 16 (x+y)'. 

4. -7 ex by -lOr^. 8. -4(a-fc) by 6(a-6)^ 
Find the product of : 

0- (^-y)^ 4(x-y)», and -7(x~y). 
10. 3m'wz', — 5mn'2, and — 6mn2*. 
XI. oV, — 2a'c*, — 5ac^ and 6a*6c. 
12. a'fty, 4 0*6, and -11 a^^fe'^. 

ICUIiTIFIJCATION OF POIiTNOMIAXiS B7 MONOMIAliS 

52. In § 32, we assumed that the product of a + 6 by c 
'was ac + bc» We then have the following rule for the product 
of a polynomial by a monomial : 

Multiply each term of the multiplicajid by the multi- 
plier, and add the partial products. 

Ex. Multiply 2 x^-S x+7 by -8 x^ 

(2x'-5x+7)X(-8a:») 

= (2a:»)X(-8a:») + (-5a;)X(-8a:») + (7)X(-8a?) 

= -16a^+40a?*-66a:». 

2«'- 5a: + 7 

The written work should stand as follows: ~'_8_x' 

-16x*+40a:*-56 j' 
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Multiply the following : 

X. 12 o— 3 by 5 a. 

2. 3a»fc+7a6»by -9a^b\ 

3. a?*— 8xy+8xy* by —x^y^. 

4. 4m*-3nV4by 7 m\ 

5. 5z'by8a*-3zH13. 

6. - 9 cd» by 5 c»- 10 c^d+2 d\ 

7. 8a*-4aH9a'by -8a^ 

8. 8a:»-3a:»»by Ibx^. 

9. -15 0^6+7 6'-4 a* by -8 a*fc'. 
10. 4 x'y' by x'+6 x'y— 6 xy'+8 y'. 
IX. 12a'6-6a6'~8 6»+a»by -8 oft. 

12. 6 a»-8 o^c+T oc^- 11 c' by 14 aV. 

13. a»-9 a'6+27 06^-27 6« by -3 6. 
X4. ia'-Jofe+^ft^by -J6. 

'5. 1^ c'~| 6'c-^ c»d by 6 cd. 

UaunPLLCAnON of POIiYNOMIALB BT POLTNOMIAIiS 

53. Let it be required to multiply a+bhj c+d. 

As in § 32, we multiply a + b by c, and then a + fe by rf, 
and add the second result to the first ; that is, 

(a+6)(c+d) = (a+6)c+(a+6)i 
=ac+bc+ad+bd. 

Bule: — Multiply each term of the multiplicand hy 
each term of the multiplier^ and add the pcui^ial products. 

54. I. Multiply 3 a-4 6 by 2 a- 6 ft. 

In accordance with the rule, we multiply 3 a — 4 6 by 2 a, and then by 
~5 &, and add the partial products. 

A convenient arrangement of the work is shown below, similar terms- 
^f the partial products being in the same vertical column. 
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3 a -4 6 
2a -56 ■ 
6a'- Sab 

-15o5+20y 
6a>-23a5H-206» 

The work may be checked by solving the example with the multipli- 
cand and multiplier interchanged. 

2. Multiply 4 aa:'+o'— 8 a?'— 2 a'a: by 2x+a. 

It IS convenient to arrange the multiplicand and multiplier in the 
same order of powers of some conmion letter (§ 35), and write the par- 
tial products in the same order. 

Arranging the expressions according to the descending powers of a, we 

*^^ a»-2a»a:+4aaj»-8x» 

a +2x 

a*-2 a^x+4 a»x*-8 aa? 

2 o*a;-4 aV+8 oa^ - 16 g* 
a* -16 a^ 

EXBBCieaB 18 

Multiply the following : 

1. 3 a:— 4 by 8a?+5. 5. a'— a-fl by a+1. 

2. 4a+6 by 4a+6. 6. P-ifc-12 by ifc-7. 

3. 7e-4iiby lU-3w. 7. 2a:+3 by 2a;-3. 

4. 6 ab+b^ by 3 ab-5 b\ 8. 3 a:+7 by 3 a:-7. 

9. Jc+id by Jc-id. 

10. J c+i d by J c+ J d. 

11. Jc-Jd by Jc-id. , 

(Note carefully in what way examples 9 to 11 , and 12 to 14 differ.) 
12. x+3 by x+5. 13. a:— 3 by x+5. 

14- a:+3 by a;— 5. 
15' a*+a+l by a*— a+1. 

16. 6(m-hn)'-5(m+n) + l by 7(m+n)-2. 

17. 3(a-6)*-2(a-6) by 4(a-fc)»+(o-6). 
x8. 7 t^+8t-l hj 7 fi-8t+l. 

19. 6a6+a^+9 by 3a'-4+2a6. 
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20. 2h^-10h+5 by h^+5 h- 10. 

21. fi—t^u+tu^'-u^ by t+u, 

22. fc'~3 Wk+9 ik^ by h+3 h 
33' x'+ajy+y' by a:— y. 

Note the similarity in examples 21-23. 

24. 3a'+7 6yby 3a*-7 6y. 

25. 5(a:+y)+7(a:-^y) by 3(ic+y)-2(a?-y). 

26. e'+e^by e'-gy. 

27. a»+2 a'6+2 a6H6' by a'-2 06+6^ 

28. 4 o~+»6*-3 a*ft^ by a«+'6-2 a6^». 

29. 5 a:*-6 a;*~4 a?^+2 a:-3 by 3 x-2. 

30. a'— 3 a'x+3 aa;'— a?' by a'+3 a'a:+3 ax^-k-x^, 

55. If the product has more than one term involying the 
same power of a certain letter, with literal, or numerical and 
literal, coefficients, we may put the coefficient of this letter 
in parentheses, as in § 47. 

Ex. Multiply a:^aa; —6a? +06 by x—a. 

X — o 

x»-(2a+6)x»+(a»+2a6)a;-a>b 

As in § 47, —2€u? — bii^ is equivalent to — (2 a + ^x*, and a?x-\-2abx 

to (a' +2 ab)x. 

SXJCBCIBli 18 

Multiply the following : 

1. x^+aa:+6x+a6 by x+c. 

2. a?'— mar+na:— mn by x— p. 

3. x^—hx—cx-\'hc by x—a. 

4. a;^+aa;— fea:— 3a6 by x+6. 

5. a:*+aa: + 26a? + 2a6 by a:— c. 

6. x^+px—S qx—d pq by a?— r. 

7. x^— 3 ax— 6x+3 oft by x+2 a. 

8. x'— 4 77ix+nx— 4 mn by x+3 71. 
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9. x^+3 ax— 2 fec+B ab by a?— 4 c. 
10. (a— fc)a:— 806 by 2 a:— (a— 6). 
IX. a?^-5oa:*+4fca:"-2a6by x*-hc. 
12. (2a-l)a;H(a+2)a;-(a+3) by (a-2)a:-a. . 

56. Ex. Simplify (a-2a:)^- 2(3 a+a:)(a-a:). 

To simplify the expression, we first multiply a— 2 re by itself (§ 6) ; we 
then find the product of 2^ 3a+x, and a—x, and subtract the second 



result from the first. 






a -2x 


3a ±x 




a -2x 


a —X 




a* — 2ax 


3a»+ ax 




--2aa;+4a? 


-Zax- 


a^ 


a'— 4aa;+4«' 


3a»-2ax- 


2 



6a»-4ax-2a^ 

Subtracting the second result from the first, we have 

a»-4 ax+4 x*-6 a'+4 aa;+2 a?= -5 a'+6 «». 



>»:«:hi:<»i»:i > 



ao 
Simplify th& following: 

1. (3a+5)(2o-8) + (4a-7)(a+6). 

2. (3a:+2)(4ar+3)-(3x-2)(4a?-3). 

3. (a-2x)(&+3y) + (a+2a?)(fc-3y). 

4. (3m+l)2(3w-l)^ 

6. (2a+3 6)2-4(a-6)(a+5 6). 

7. [3 a?- (5 y +2 z)] [3 a?- (5 y-2 z)]. 

8. [m+2w— (2m — n)][2m + n — (m— 2n)]. 

9. (a+fe+c)*-(a-6-c)'. 

10. (a+2)(a+3)(a-4) + (a-2)(a-3)(a + 4). 

"• (f a:-iy+iz)^ 

12. [2 a?2 + (3 a?- 1)(4 a:+5)] [5 a?'- (4 a:+3)(a:-2)]. 

13. (a^2b-c-Sdy, 
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14. (a-2)(o+3)-(o-3)(a+4)-(o-4)(o+6). 

15. (a:+2)(2 x- 1)(3 x-4)- (x-2)(2 a:+l)(3 a:+4). 

DBamnnoNs 

57. A monomial is said to be rational and integral when 
it is either a number expressed in Arabic numerals, or a sin- 
gle letter with unity for its exponent, or the product of two 
or more such numbers or letters. 

Thus, 3 a%', being equivalent to 3 • a • a • b • b • b, is ra- 
tional and integral. 

A polynomial is said to be rational and integral when each 
term is rational and integral; as 2x^— f ob+e'. 

58. If a term has a literal portion which consists of a sin- 
gle letter with unity for its exponent, the term is said to be 
of the^r^^ degree. Thus, 2 a is of the first degree. 

The degree of any rational and integral monomial (§ 57) 
is the number of terms of the first degree which are multi- 
plied together to form its literal portion. 

Thus, 5 ab is of the «eco7u2 degree ; 3 d^V^ being equivalent 
to 3 • a • a • b • b • b, is of iSn'&jifih degree ; etc. 

The degree of a rational and integral monomial equals the 
sum of the exponents of the letters involved in it. 

Thus, ab^c^ is of the eighth degree. 

The degree of a rational and integral polyuomial is the 
degree of its term of highest degree. 

Thus, 2 a'b— 3 c+cP is of the third degree. 

Frequently the degree of a term or polsniomial with respect to some 
particular letter is required. Thus 3aV— 4ba;y'+2c* is of the third 
degree in x. 

59. Homogeneity. — HomogeneouB terms are terms of the 
same degree. Thus, a^ 3 h\ and ~ 5 a?y^ are homogeneous 
terms. 

A polynomial is said to be homogeneous when its terms 
are homogeneous ; as a' + 3 b^c — 4 xyz. 
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V. Division OF ALGEBRAIC EXPRESSIONS 

60. Divisioiii in Algebra, is the process of finding one of 
two numbers, when their product and the other number are 
given. 

The Dividend is the product of the numbers. 
The Divisor is the given number. 
The Quotient is the required number. 

61. The Rule of Signs. — Since the dividend is the pro- 
duct of the divisor and quotient, the equations of § 48 may 
be written as follows : 

-z — = +6, = +0, — — = -6, and ——6. 

+ a —a +a — o 

We may state the Rule of Signs in division as follows : 

The quotient of two terms of like sign is i>OBitive ; 
the quotient of two terms of unlike sign is negative. 



62. Let ?«a?. (1) 

b 

Then, since the dividend is the product of the divisor and quotient, 
^1^^ a=bx. 

Multiply each of these equals by c (Ax. 7, § 4), 

ac=:bcx. 

Regarding ac as the dividend, he as the divisor, and x as the quotient, 

this may be written 

f =x. (2) 

be 

From (1) and (2), ?^=?. (Ax. 4, § 4) 

OC 

That is, a factor oonmion to the dividend and divisor 
oan be removed, or cancelled. 

63. The Law of Exponents for Division. — Let it be re- 
quired to divide a* by a^. 

By § 6, -z= 

•^ o* aXa 
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CaaoelliDg the common factor aXa (§ 62), we have 



a} 
--=:aXaXa=a*, 



o} 



Consider the general case : 

Let it be required to divide a*" by a**, where m and n are 
any positive integers such that m is greater than n. 

We have af^ _ aXaY.a y. "' to m factors 

o" a XaXaX*-* to n factors 

Cancelling the common factor oXaXoX"* to n factors, 
^^aXaXaYs'" to m—n factors =a"»"'». 

Hence, the exponent of a letter in the quotient is equal 
to its exponent in the dividend, minus its exponent in 
the divisor. 

This is called the Law of ExponerUs f(yr Division. 

DIVISION OF MONOMIAIiS 

64. I. Let it be required to divide — 14a^6 by 7 a'. 

BvS51 -14o»6 _ (~2)X7Xa»X6 

•^ 7a» 7Xa» 

Cancelling the common factors 7 and a' (§ 62), we have 

Then to find the quotient of two monomials : 

To the quotient of the numerical coefficients annex 
the letters, giving to each an exponent equal to its expo- 
nent in the dividend minus its exponent in the divisor, 
and omitting any letter having the same exponent in 
the dividend a:nd divisor. 

The work may be checked by multiplying the divisor by the quotient. 

2. Divide 54 a^6V by -9 a*6». 

3. Divide -2x^'^z^ by -sf'jf'z^. 
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4. Divide 35 (0-6)' by 7(o-6)«. 

fr^ = 5(a-6).. 
7(0 -5)* 

EXEBCI81G 21 

Divide the following : 

1. 30 by -5. 4. -64 by 8. 7. -^hjj\. 

2. -42 by 6. 5. -135 by -9. 8. 21a*«by3a^ 

3. -48 by -4. 6. 176 by -11. 9. -63mVby7mV. 

10. 5 x^y^ by — x'y. 15. 75 x^y^ by — 15 x^y^. 

11. 12(c+d)* by 3(c+d)*. 16. 81 ab^c by 27 b^c. 

12. a^b^c by —06c. 17. f x^y by ^ xy. 

13. 60(a-6)» by 12(a-6). 18. -f a»6V by -5a6^ 

14. 8(2 m+3) by 4(2 m+3). 19. 6(a+6)^ by 3(a+b)\ 

Find the numerical value When a — 2, 6 =—4, c=5, and 
d= —3 of: 

^^ 7a+146-12c 2a-6 a+46 
20. • 21, ■ • 

13a-9fe+17c c-5d 3c+d 

DIVISION OF FOLYXOMIAIiB BY MONOIOALS 

65. We have, from § 32, 

(a+b)c=ac+bc. 

Since the dividend is the product of the divisor and quo- 
tient (§ 60), we may regard ac + bc sls the dividend, c as the 
divisor, and a + 6 as the quotient. 

Whence, = a + 6. 

c 

Hence, to divide a polynoinial by a monomial, we di- 
vide each term of the dividend by the divisor, and add 
the results. 

m. Divide 9 a^V - 6 aV + 12 a'^bc^ by - 3 aK 

9an>^^6a*c+12aW ^ ^3 y + 2a'c-4 afcc^. 
-3 a* 
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» 

BXXQEtOZBll 22 

IKvide the following : 

I. 30 a*- 25 a«+20 a* by 5 a. 
3. —33 am'+22 ahn by 11 am. 

3. 18 «V2-24 *^V- 12 «f»2' by -3^h. 

4. 72 fc»AV-60 hk^x"" by - 12 fcc«. 

5. f aV-fa'6»by Ja6. 

6. 9(a+6)'-6(a+6) by 3(a+b). 

7. af»+a+2 «^+*-3 x*"+^ by a;'~+*. 

8. 36 a" +28 a"- 4 a*- 20 a« by 4 a*. 

9. 45(a-6)^-40(a-fe)*+25(a-6)» by 5(a-6)^ 

10. 8 m*n- 24 mV+12 m'^-31 mV by 6 m*. 

11. (x+y)»-9(a?+y)»+27(a?+y) by (x+y). 

12. I m*-2 m^+lm^ by f m'. 

13. 15 a*~4 aH8 a«-5 a-2 a*+3 a^ by -2 a. 

14. a\2 m+Sy+2 ab(2 m+3y-\-b\2 m-\-3) 

by (2m+3). 

DIVIBIOH OF FOLYNOMIAIiB B7 POLYNOMIALS 

66. Let it be required to divide 12 + 10 x' — 1 1 a? — 21 a:' by 
2aj3-4-3x. 

Arranging each expression according to the descending powers of 
^ (§ 35), we are to find an expression which, when multiplied by the 
divisor, 2 a;'— 3 x— 4, will produce the dividend, 10 x'— 21 a;'— 11 as 4- 12. 

It is evident that the term containing the highest power of x in the 
product is the product of the terms containing the highest powers of x 
in the multiplicand and multiplier. 

Therefore, 10 x* is the product of 2 rr' and the term containing the 
highest power of x in the quotient. 

Whence, the term containing the highest power of x in the quotient 
is 10 x" divided by 2 x', or 5 x. 

Multipl3ring the divisor by 6 x, we have the product 10 x' — 15 x' — 20*x ; 
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which, when subtracted from the dividend, leaves the remainder 

This remainder must be the product of the divisor by the rest of the 
quotient; therefore, to obtain the next term of the quotient, we regard 
— 6 a;'+9 rr+ 12 as a new dividend. 

Dividing the term containing the highest power of x, — 6 x', by the 
term containing the highest power of a; in the divisor, 2 x', we obtain 
—3 as the second term of the quotient. 

Multiplying the divisor by —3, we have the product — 6 x'+9 x+ 12; 
which, when subtracted from the second dividend, leaves no remainder. 

Hence, 5 a;— 3 is the required quotient. 



10a:»-21a?»-lla?+12 
10a:«-15a;'-20x 



2g»-3a;~4, Divisor. 



5x — 3, Quotient. 



- 6a?'+ 9x+12 

- 6x»+ 9a;+12 



The example might have been solved by arranging the dividend and 
divisor according to the ascending powers of x. 

From the above example, we derive the foUowing rule: 

Arrange the dividend and divisor in the same order of 
povreta of some oonunon letter. 

Divide the first term of the dividend by the first term 
of the divisor, and write the result as the first term of 
the quotient. 

Multiply the whole divisor by the first term of the 
quotient, and subtract the product from the dividend. 

If there be a remainder, regard it as a new dividend, 
and proceed as before ; arranging the remainder in the 
same order of powers as the dividend and divisor. 

I. Divide 9 a6Ha»-9 6»-5 a^b by 3 6'+a'-2 ab. 
Arranging according to the descending powers of a, 



a«-6o»6+9ofc'-9b» 
a«-2o»6+3a6» 

-3a%+6ofc» 

-3a»6+6a5»-9 6« 



a»~2ofc4-3 6» 



a -3 6 



In the above example, the last term of the second dividend is omittedi 
as it is meVely a repetition of the term directly above. 

The work may be verified by multipljong the divisor by the quotient, 
which should of course give the dividend. 
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2. Divide4+9a;*-28a?2by~3a?H2+4a?. 

Arranging according to the ascending powers of x, 



4-28 x»+ 9 a:* 
4-h 8 a; - 6 a;' 



2+4a;-3g» 



2-4a;-3a:' 



- Sx -22x»+ 9x* 

- 8a; -16x'+12a;» 

- 6a;»-12a;»+9a;* 

- 6a;'-12a;»+9a;* 

EXEBdSE 23 

Divide the following : 

1. 15ar2-llx-14by 3x+2. 

2. 12 a'- 32 a +21 by 6 a- 7. 

3. 32t^+2S St- 15 s^ hj it+5s. 

4. c'-8 c'-5 c+84 by c-7. 

5. a^-2a6+6^ by a-6. 7- a;2H-4 a?+4 by a;+2. 

6. d^+2ab+b^ by a+6. 8. x^-Qx+9 by x-3. 

Note the form of examples 5 to 8, also the results obtained. Have you 
similar fonns in Exercise 18? 

9. k^-Sk+lbhykS n. a»-lbya-l. 

10. h^-h-U by fe-4. 12. a'-8 6» by a-2 6. 

Have you had multipUcation problems similar to examples 9 to 12? 

13. 64z»+27d'by 4z+3d. 

14. S(b+xy-y^ by 2(b+x)'-y. 

15. x^—5x^y+9xy^—9y^hyx^'-2xy+3y^. 

16. 7i*-16by n+2. 

17. aH243 by a +3. 

Do the quotients in examples 11, 12, 13, 14, 16, 17 seem to have 
similarity of form? 

18. 16(a-6)2-9by4(a-6)+3. 

19. I a^-Ja-f by §a+i. 

^^- ^9^-T2 fl^'^+ie yfc^-eh ^ ^y \g-\k. 
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21. e*~81 by e^-Se^+9e-27. 

32. a*— 256 6* by a — 4 b. Compare example 16. 

23. 13 a?H6 a;*~70 xHTl a;-20 by 4+3 x^-7 x. 

24. 42(c+d)8-47(c+d)2 + 17(c+d)-2by 7(c+d)-2. 
25.- m^-lS m^-3 m*+2i m^-\-52 m-2l hy m-^m^-?. 

26. ^x»+f| by ta:+i 

27. 9 h^-52 h^k^+&i k' by 3 h^-2 hk-S k\ 

28. 6a?H5a?*-57a:^-ir2+67a:4-28by -4:+3x^-bx. 

29. a2^-6^"+2 6V-c2^ by d'-^V-c', 

30. 4 a^+76»- 11 a'^+^ft^+^+e a^h^"^ by a'"+2j,_2 a6^-^ 

67. The operation of division is often facilitated by the 
use of parentheses. 

Ex. Divide x^+{fl-\-h—c)x'^-\-(qb—hc—ca)x — ahc by x-\-a. 



X +a 



a^+{6 — c)a;— fcc 



a^ 4- (o 4- 6 — c)x' 4- (ofc — 5c — ca)a; — a6c 
3?-\- as? 

{h-'C)x^ 

(6 — c)a;' + (ofc — ca)x 

— hex 

— bcx—abc 
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Divide the following : 

1. a:'+(a— 6— c)x'+(— a64-6c— ca)ir+a6c 

by x^+(a—b)x—ab, 

2. x^+(a+b—c)x^ + (ab—bc—ca)x-'abc by a?— c. 

3. x*^(a+b+c)x^+(ab+bc+ca)x—abc by a;^—(6+c)a;4-&c. 

4. a;'— (a— 2 6—3 c)x^+{—2 ab+Q 6c— 3 ca)a;— 6a6c 

by x^— (a— 3 c)a:— 3 ac. 

5. x^ + {3 a+6+2 c)xH(3 a6+2 6c+6 ca)a:4-6 a6c 

by a?+3 a. 

6. m(w+n)a;^— (m^+n^)a:+n(m— n) by ma;— n. 
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7. x^— (m—2 n)x—2 m^+ll mn— 16 n* by x+m—Sn. 

8. (2 m' + 10 mn)a?»+ (8 m»- 9 mn- 15 n')x- (12 mn- 9 n^) 

by 2ma;— 3n. 

9. x'- (3 a+2 6-4 c)xH(6 06-8 6c+12 co)x- 24 ate 

by a?-2 6. 

10. a(a— 6)a?^+(— a6+6^+6c)a?— c(6+c) by (a— 6)a;+c. 

QUBBDCS 

1. Is the continued product of six numbers, one half of which are 
positive and one half negative, a positive or a negative number? Why? 

2. What three numbers are involved in these two problems: 

(o4-6)(a4-6); (a»+2a6+6')-5-(a+6)? 

3. Make a rule governing the result of (a+&)(a+&). 

4. Will the rule in 3 govern the result of (xH-7)(xH-7)? 

5. Apply your rule to example 10, Exercise 18. 

6. Find the product of (a+b) and (a— &) and make a general rule for 
such a product. 

7. Can you solve example 8, Exercise 18, by this rule? 

8. One of two factors of 30 is 6, what is the other? How did you 
find it? 

9. One of two factors of x*— a?— 12 is x— 4, what is the other? Does 
this correspond to your definition of division? 

10. Does your rule in 3 aid you in solving such problems as example 6, 
Exercise 23? Such forms are of frequent occurrence. 

11. What is the quotient of a»+ 12 o4-36 divided by a + 6? 

12. Given the multiplicand =m, and the product =p, what is the 
multiplier? 

13. The product is 2^+2'+ 1, the multiplier is s^ — z + 1; find the 
multiplicand. 

VI. INTEGRAL LIlfEAR EQUATIONS 

68. Any term of either member of an equation (§ 3) is 
called a term of ,the equation. 

69. 'A Numerical Equation is one in which all the known 
numbers are represented by Arabic numerals ; as, 

2a:-7=x+6. 
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An Integral Equation is one each of whose members is a 
rational and integral expression (§ 67) ; as, 

70. An Identical Equationi or Identity, is an equation 
which is always true for specified values of the letters which 
enter; as, (a+b)(a-b)sa^-b\ 

The sign ^ , read "is idenUcaUy e^iual to" is frequently used in place 
of the sign of equality in an identity. 

71. An equation is said to be satisfied by a set of values 
of certain letters involved in it when, on substituting the 
value of each letter in place of the letter wherever it occurs, 
the equation becomes identical 

Thus, the equation x—y — 5is satisfied by the set of values 
a; = 8, y = 3 ; for, on substituting 8 for Xy and 3 for y, the 
equation becomes 8 — 3=5, or 5=5; which is identical. 

72. An Equation of Condition is an equation involving 
one or more letters, called Unknown Numbers, which is sat- 
isfied only by particular values of these letters. 

Thus, the equation a; + 2 = 5 is not satisfied by every 
value of x^ but only by the particular value x = 3. 

An equation of condition is usually called an equation. 

Any letter in an equation of condition may represent an 
unknown number. 

73. If an equation contains but one unknown number, any 
value of the unknown number which satisfies the equation is 
called a Root of the equation. 

Thus, 3 is a root of the equation a:+2 = 5. 
To solve an equation is to find its roots. 

74. If a rational and integral monomial (§ 57) involves a 
certain letter, its degree with respect to it is denoted by its 
exponent (§ 58). 
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If it involves two letters, its degree with respect to them 
is denoted by the sum of their exponents ; etc. 

Thus, 2 ab^3(?if is of the second degree with respect to x, 
and of iAieffth with respect to x and y. 

75. If an integral equation (§ 69) contains one or more 
unknown numbers, the degree of the equation is the degree of 
its term of highest degree. 

Thus, if X and y represent unknown numbers, 

ax—by = c is an equation of the first degree ; 
a:^+4 0?= — 2, an equation of the second degree ; 
2x^—3 xy^=5, an equation of the third degree ; etc. 

A Linear, or Simple, Equation is an equation of the first 
degree. 

FBINCIPIiES USED IN SOIiVING INTEGBAIi EQUATIONS 

76. Since the members of an equation are equal numbers, 
we may write the last four axioms of § 4 as follows : 

1. The saxae number, or equal numbers, may be added 
to both members of an equation without destroying the 
equality. 

2. The same number, or equal numbers, may be sub- 
tracted from both members of an equation without de- 
stroying the equality. 

3. Both members of an equation may be multiplied by 
the same number, or equal numbers, without destroying 
the equality. 

4. Both members of an equation may be divided by the 
same number, or equal numbers, without destroying the 
equality. 

77. Transposing Terms. — Consider the equation 
Adding —a and +6 to both members (§76, 1), we have 
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In this case, the terms + a and — b are said to be transposed 
from the first member to the second. 

Similarly, any term may be transposed from one mem- 
ber of an equation to the other by changing its sign. 

78. It follows from § 77 that 

If the same term occurs in both members of an equa- 
tion affected with the same sign, it may be cancelled. 

79. Consider the equation 

a— a?=6— c. (1) 

Multiplying each term by — 1 (§ 76), we have 

a:— a=c— 6; 

which is the same as equation (1) with the sign of every term 
changed. 

Similarly, the signs of all the terms of an equation 
may be changed, without destroying the equality. 

80. Clearing of Fractions. — Consider the equation 

2 5 5 9 
- X — = - X 

3 4 6 8 

Multiplying each term by 24, the lowest common multiple 
of the denominators (Ax. 7, § 4), we have 

16 a? --30=20 a:- 27, 

where the denominators have been removed. 

Bemoving the fractions from an equation by multiplication 
is called clearing the equation of fractions, 

SOIiUnON OF INTSGBAIi UNEAR EQUATIONS 

81. To solve an equation involving one unknown number, 
we put it into a succession of forms, which finally leads to 
the value of the root. 

This process is called transforming the equation. 
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Every transformation is effected by means of the principles 
of §§ 76 to 80, inclusive. 

82. Examples. 

z. Solve the equation 5 a;— 7»3 x+1. 

Transposiiig 3 x to the first member, and — 7 to the second (| 77), we 

*^^® 5x-3a;=7+l. 

Uniting similar terms, 2 x^S. 

Dividing both members by 2 (§ 76, 4), 

x=»4. 

To verify the result, put a; =4 in the given equation. 

Thus, 20 - 7 = 12+ 1 ; which is identical. 

3. Solve the equation 

7 5^3 1 
6 3 5 4' 

Clearing of fractions by multiplying each term by 60, the L. C. M. of 
6, 3, 5, and 4, we have 

70/- 100=36 <- 16. 

Transposing 36 / to the first member, and — 100 to the second, 

70/-36<=100-15. 

Uniting terms, 34/ =85. 

Dividing by 34, /=§5«5. 

Verify this result by substituting /= - in the given equation. 

3. Solve the equation 

(5-3a?)(3+4a;)=62-(7-3a?)(l-4x). 

Expanding, 16+11 a;-12x»=62-(7-31 a:+12«»). 
Or, 16+11 x-12 x»=62-7+31 x-12 «». 

Cancelling the — 12 ^r* terms (§ 78), and transposing, 

lla;-31a:=62-7-16. 
Uniting terms, — 20 a; = 40. 

Dividing by -20, x== -2. 

Verify the result by substituting a;= — 2 in the giv^i equation. 
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To expand an algebraic expression is to perform the 
operations indicated. 

From these examples, we have the following rule for solv- 
ing an integral linear equation with one unknown number: 

Clear the equation of fractions, if any, by multiplying 
eaoh term by the L. C. M. of the denominators of the 
fractional tenns. 

Bemove the parentheses, if any, by performing all the 
operations indicated. 

Transpose the unknown terms to the first member, 
and the known to the second; cancelling any term which 
has the same coefficient in both members. 

Unite similar terms, and divide both members by the 
coefficient of the unknown number. 

The pupil should verify every result. 

Solve the following equations, in eaoh case verifying the 
result : 

I. 6a?+13=28. 8. 24 ^- 28 « 14^-48. 

3.7 2=4 2-33. . 9. 26-4a?=31^2x. 

3. lln+71=6n+76. lo. 16fl-47=8fl-43. 

4. 8d-2=5d-26. II. 17 + 14 a:«lla?+16. 

5. 15x + 19=lla:-5. la. 43 Jk-27=37-149 *. 

6. 13-21 Jfc«34- 14 Jk. 13. 12y+15 = 15 y+17. 

7. 25 a;- 3 =4 + 18 a?. 14. 98-16 x=23-41 a:. 

1$. 29x-8+17=32a;-14a?-24. 

16. 35 0-41 = -81+63 0-58 2. 

17. 0«3U-14f+3<+30. 

• l.loSl 2 15.1 
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5. , 1 ,^8. 11 „ 4 j^S 9 , 3 

20. - k+- K+- k= • 32. -qr+-= — qj q. 

6 6 3 3 7' 4 14* 28^ 

573 13 „ 2 3884 

64848 5 393 

2 4 7 1 23 

24. -V v^-V V • 

3 5 8 20 24 
25. 5(a;+3)-7=6(2x-3)+40. 

36. 12 A- (4 A- 7)= 3 i- (9 i- 28). 

37. 75-8(7«+5)=6«-(4«+62). 

38. 5fi-3(2-8fl)=9fi-4(l-4/J). 

39. (4-3 2J(5+4 2) = (8+2 z)(l-6 z)-82. 

30. hix+l) + l(6x-2)~h5x+S)^2. 

ODD 

FBOBI1EM8 IiEADING TO nmSGRAIi IiINSAB EQUATIONS 

WITH ONE UNKNOWN NUMBEB 

83. For the solution of a problem by algebraic methods, 
the following suggestions will be found of service : 

1. Represent the unknown number, or one of the un- 
known numbers if there are several, by some letter, as x. 

2. Every problem contains, explicitly or implicitly, at 
least as many distinct statements as there are unknown 
numbers involved. Use all but one of these to express the 
other unknown numbers in terms of x. 

3. Use the remaining statement to form an equation. 

84. Problems. 

I. Divide 45 into two parts such that the less part shall 
be one-fourth the greater. 

Here there are two unknown numbers; the greater part and the less. 
In accordance with the first suggestion of § 83, we represent the 
greater part by x. 
The first statement of the problem is, implicitly : 
The sum of the greater part and the less is 45. 
The second statement is : 
The less part is one-fourth the greater. 
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In accordance with the second suggestion of §S3, we use the first 
statement to express the less part in terms of x. 

Thus, the less part is represented by 45—2. 

We now, in accordance with the third suggestion, use the second 
statement to form an equation. 

Thus, 46-x=i X. 

4 

Clearing of fractions, 1 80 — 4 a? = x. 

Transposing, — 4x— a;= — 180, or— 5a;= — 180. 
Dividing by —5, a; =36, the greater part. 

Then, 46 — x = 9, the less part . 

Verify by substituting a; =36 in the given equation. 

2. A had twice as much money as B ; but after giving B 
$28, he has f as much as B. How much had each at first ? 

Let X represent the number of dollars B had at first. 
Then, 2 x will represent the number A had at first. 
Now after giving B $28, A has 2 x— 28 dollars, and B, a:+28 dollars; 
we then have the equation 

2a;-28=|(a;+28). 

Clearing of fractions, 6 x — 84 = 2(x + 28). 
Expanding, 6a;-84=2a;+56. 

Transposing, 4 x ~ 140. 

Dividing by 4, a: = 35, the number of dollars B had at first ; 

and 2a;=70, the number of dollars A had at first. 

Verify the result. , 

3. A is 3 times as old as B, and 8 years ago he was 7 times 
as old as B. Required their ages at present. 

Let n = the number of years in B*s age. 

Then, 3 n=the number of years in A's age. 

Also, n — 8=the number of years in B's age 8 years ago, 

and- 3 n — 8 = the number of years in A's age 8 years ago. 

But A*s age 8 years ago was 7 times B's age 8 years ago. 

Whence, 3 n-8=7(w~8). 

Expanding, 3 n— 8=7 n — 56. 

Transposing, — 4 n = — 48. 

Dividing by —4, n = 12, the number of years in B's age. 

Whence, 3 n=36, the number of years in A*s age. 

Verify the result. 
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4. A sum of money amounting to f 4.32 consists of 108 
coins, all dimes and cents; how many are there of each 
kind? 

Let X s the number of dimes. 

Then, 1 08 — 2 « the number of cents. 

Also, the X dimes are worth 10 x cents. 
But the entire sum amounts to 432 cents. 

Whence, 10x4- 108 -a; =432. 

Transposing, 9 a; = 324. 

Whence, a; =36, the number of dimes; 

and 108 — x = 72, the number of cents. 

Verify the result. 

vxxRomm ae 

z. The di£Eerence of two numbers is 12, and 7 times the 
smaller exceeds the greater by 30. Find the numbers. 

2. The sum of two sides, AB and BC, of the triangle ABC 
is 23, and the lesser side exceeds their dif- 
ference by 7. Find the sides AB and BC. 
Can more than one such triangle be drawn ? a^^ \c 

3. Find two numbers whose sum is |, and difference |. 

4. The sum of two numbers is 35, and their difference is 
three-fifths the larger number. Find the numbers. 

5* A is 5 years older than B, and the sum of their ages is 
39 years. How old is each ? 

6. A rectangle is 4 feet longer than it is wide. 
If 4 feet were added to the length the area would 
be increased 40 square feet. Find the length of the sides. 

7. A rectangle is 6 feet longer than it is wide. If 3 feet be 
added to its width and 4 feet be subtracted from its length 
its area will not be changed. Find the length and breadth. 

8. A man counting the coins he has in his hand finds that 
he has three times as many quarters as half dollars, five 
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more dimes than quarters, and twice as many five-cent pieces 
as dimes. The entire sum of money is f 2.85. How many 
coins of each kind ? 

9. A is 25 years of age, B is 9 years of age. In how many 
years will A be twice as old as B ? 

10. The length of a rectangle is 5 feet more than the 
width. If 4 feet be taken from the length and 4 feet from 
the width the area of the rectangle will be diminished 124 
square feet. Find the length and breadth of the rectangle. 

1 1. A certain number of two digits is equal to 9 times the 
sum of the digits and the digit in ten's place is 7 greater 
than the digit in unit's place. Find the number. 

1 2. Divide f 300 among A, B, and C so that ^ of B's share 
plus f 20 may equal A's share, and C and B may have equal 
amounts. 

13. A man has f4.10, all five-cent and fifty-cent pieces; 
and he has 5 more five-cent pieces than fifty-cent pieces. 
How many has he of each ? 

14. The difference between | and ^ of a certain number 
exceeds ^ of it by 44. What is the number? 

15. A has $5.50 and B $3.50; how much money must A 
give B in order that B may have ^ as much as A ? 

16. A room is | as long as it is wide ; if the length were 
diminished 3 feet and the width increased by the same 
amount, the room would be square. Find its dimensions. 

Note: Oranges come packed in boxes, a box containing 86, 90, 110, 
126, 150, 175 oranges. A box marked 90's indicates that there are 90 
oranges in that box. 

17. A merchant buys oranges, 150's, a certain number of 
boxes at f 3.25, twice as many at $3.00 and six boxes at f 3.50, 
paying f 39.50 for the entire lot. Find the average cost per 
dozen oranges. 
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1 8. A merchant buys oranges, 90'8, some at f 2.00 per box, 
f as many at 92.20 per box, paying $28.80 for the entire lot. 
Can he make a profit retailing them at 290 per dozen, no 
allowance being made for expense of handling? 

Note : Banana dealers estimate the value of a bunch of bananas by 
the number of lumda on a bunch. A hand is a cluster of bananas grouped 
together and contains 12 to 16 bananas. 

19. A merchant bought three lots of bananas; some, 8 
hands, at 850 ; three times as many 12 hands at $1.15, and 5 
bunches, 10 hands, at $1.05, paying $18.15 for all. Find the 
approximate average cost per dozen bananas, averaging 15 
bananas to the hand. 

20. A given square has 39 square feet more area than a 
given rectangle. The length of the rectangle is 3 feet more 
than a side of the square, and the breadth of the rectangle 
is 5 feet less than a side of the square. Find the dimensions 
of each figure. 

21. Divide $480 among A, B, C, and D so that B shall 
have twice as much as A, B shall have $6 more than C, and 
C and D together as much as A and B together. 

22. Find two numbers whose difference is 17, such that the 
square of the greater exceeds the square of the less by 1037. 

23. A room is | as long as it is wide, and 60 feet of pic- 
ture molding are required to go aroimd it. Find the number 
of square feet in the floor. 

24. A starts to walk from Boston to Rockland, 19 miles, 
at the same time, B starts to walk from Rockland to Boston. 
A walks \ mile an hour faster than B. They meet in 3^ hours. 
Find the rate of each. 

(Let i2= number of miles per hour A walks.) 

25. The sum of $900 is invested, part at 4%, and the rest 
at 5%, per annum, and the total annual income is $42. How 
much is invested in each way? 
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26. In 9 years B will be f as old as A ; and 12 years ago 
he was § as old. What are their ages? 

(Let n represent the number of years in A's age 12 years ago.) 

27. A man buys irrigated farm land, some at $17 per acre, 
and three times as much less 160 acres at $15 per acre, pay- 
ing $17,440 for the entire farm. He also pays $2.50 an acre 
for a water right. He sells the land for $21 per acre. What 
is his profit? 

28. A has ^ of a certain sum of money, B has f , C $5 less 
than |, D the balance which is $44. Find C's share. 

29. Find three consecutive numbers such that the square 
of the greatest exceeds the product of the other two by 70. 

30. Find three consecutive numbers such that if the square 
of the least number be subtracted from the product of the 
other two the remainder will be 47. 

3 1 . A number consists of two digits, and the ten's digit is 5 
greater than the unit's digit. The difference between the 
squares of the digits is 65. What is the number? 

32. A is 10 years older than B ; 4 years ago B was § as 
old as A will be in 5 years. Find the age of each. 

33. There are two heaps of coins, the first containing 5-cent 
pieces, and the second 10-cent pieces. The second heap is 
worth 20 cents more than the first, and has 8 fewer coins. 
Find the number in each heap. 

34- A certain number is composed of two digits ; the num- 
ber is six more than six times the sum of the digits, and 
the digit in unit's place is f the digit in ten's place. Find 
the number. 

35. Find four consecutive odd numbers such that the pro- 
duct of the first and third shall be less than the product of 
the second and fourth by 64. 
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Vn. PRODUCTS AKD FACTORS 

85. A Power of a Power, — Required the value of (a')'. 

By § 6, {ay^a^ Xa» Xa^^a^. 

The general case : — Required the value of (a*^)", where 
m and n are any positive integers. 

We have, (a"*)* =o"* Xa"* x— to n factors 

86. A Power of a Product. — Required the value of (aby. 

By § 6, (aby-^ab Xab Xab^aV. 

T%e general case : — Required the value of (oft)**, where 
n is any positive integer. 

We have, (aby=ab X oft X— to n factors =a"6*. 

In like manner, (oftc •••)** =a"6"c"—, 

whatever the number of factors in abc^*; 

87. A Power of a Monomial. 

1. Find the value of (—6a*)'. 

By §26, (-5a*)»=[(-5)XaT 

«(-6)»X(a*)»(§86) = -125a"(§86). 

2. Find the value of (— 2m'n)*. 

We have, (-2m»n)* = (-2)*X(m»)*Xn* = 16m"n*. 

88. From §§ 85 and 86 and the examples of § 87, we have 
the following rule for raising a rational and integral mono- 
mial (§ 57) to any power whose exponent is a positive integer. 

Raise the absolute value of the nnmerioal ooeffloient 
to the required power, and multiply the exponent of eaoh 
letter by the exponent of the required power. 

Give to every power of a positive term, and to every 
evBTV power of a negative term, the positive sign ; and to 
every odd power of a negative term the negative sign. 
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87 



)» « i:'»IKi 



Expand the following : 



I. 


(xy*")*. 


5. (7a"6*)«. 


9- 


(o't'c)". 


2. 


{m'n'pyK 


6. (-n'xV)"- 


10. 


(x*^«a»)". 


3. 


(-afcV*)^ 


7. (2mV)». 


II. 


(-3mVx»)». 


4. 


(-ii«y)». 


8. (-4xV')'- 


13. 


(-2omV)». 


Fir 


id the factors of the following : 






13. 


25 a'b*. 


17. 3a». 


31. 


343 a*e*. 


14- 


32 m». 


18. o". 

1 


33. 


243 m»s». 


IS. 


48 a*b*c. 


19. o»+'. 


23. 


165 a«2*. 


16. 


21a'. 


ao. o*"''"*. 


34. 


-282o«"c». 



89. Type I. Product of the Sum and Difference of Two 
Numbers. — Let it be required to multiply a+b hj a—b. 

-ab-b^ 



Whence, (a + 6)(a - 6) = a* - 6^ 

That is, the product of the sum and diffinrenoe of two 
numbers equals the diflbrenoe of their squares. 

1. Multiply 6 a+ 5 6' by 6a-5b\ 

By the rule, 

(6 a+5 5»)(6 a-5 6») = (6 a)»-(5 5»)»=36 a»-25 6«. 

2. Multiply — a?+4by —a:*— 4. 

(-aP»+4)(-x»-4)=[(-x')+4][(-x^-4] 

= (-a;')»-4»=x*-16. 

SXUBCISi: 28 

Expand the following : 

I. (4a+3 6)(4a-3fc). 3. (3c-h8)(3tf~8). 

a. (2x+4y)(2x-4y). 4. (8iJ-hl)(8/J-l). 
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5. (6d+5 0(6d-5 0. «• (15a+13 6)(15a-13 fc). 

6. (11 k^^3 P)(ll **-3 P). g. (~ar+7)(ar+7). 

7. (9 a + 2) (9 a — 2) . (Prove this last result by actual 

multiplication.) 

10. (12a:+y)(12ar-y). 

11. (-19cH4d*)(-19c'-4d*). 

12. From what factors do you obtain x^—9? 

13. From what do you obtain 40^—25? 

14. Find the factors of 9 (^-49 d\ 

By reversing the product rule in § 89, this rule foUows: 

To factor the difference of two squares, extract the 
square root of the first square, and of the second square ; 
add the results for one factor, and subtract the second 
result from the first for the other factor. 

Note : It is not always possible to factor an expression ; there are, how- 
ever, certain forms which can always be factored; these will be con- 
sidered in the present work. 

Factor the following : 

(Check: If results are correct, the product of the factors will equal the 
given expression.) 

15. 9a2_452. 19. 49-4^2. 23. (m-\-ny-z^. 

16. 36m»-25R 20. 36a;*~121y*. 24. 49a»--1446«. 

17. a'-9c2. 21. 16- 25a*. 25. (a?+y)2-(a-f 6)^ 

18. 2be^Slh\ 22. 100mV2--169y^^ 26. (ar-fy)»-(a-6)^ 

27. {2a-^xy-'{a-2xy, 

Expand the following : 

28. (5aH12 6»c)(5a^-12 6'c). 30. (6mH-4 62)(6m-4 6^). 

29. (a*4.gv)(a*-e''). 3i. (c»^+d»»')(c»^-d»«'). 

Sometimes the factors of an expression admit of further 
factoring : 
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32. a:*-81«(a:*-|-9)(x'-9) (The second factor can be factored) 

= (a;»+9)(a;+3)(a;-3). 

33. Factor 16 m* -625 y*. 34. Factor o'-6'. 

35. Factor 81 c«- 16 d*. 

36. Factor (iJ+S+3)'-(fl-S-4)». 

37. Does 36 c'— 2 belong to this type? 

38. Can you factor x*+9 by this type? 

90. By division : 

__=„_». (1) ^ = «+». (2) 

(Compare Exercise 23, Ex. 18.) 

1. Divide 25yV-9 by 5y2'-3. 

By § 88, 25 yV is the square of 5y«'; then by (2), 

25yV-9 - ,_L, - 
5 yz' — 3 ^^ 

2. Divide x^— (y— a)? by x+Cy— z). 



Find, without actual division, the values of the fcdlowing : 

a+2' ^' 5n2-l* l-12a*6'' 

ar2-9 64n«-a;^« ^ 49a:V-64 

2. • 4. • O. • 

a?- 3 8n^+x^ 7a:*z+8 

91. Type II. Square of a Binomial. — Let it be required 

to square a+b. 

a+b 

a4-6 



a'+ ah 
Whence, (a + 6)* = a*+2a6+^. (1) 
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That is, the square of the sum of two numbers equals 
the square of the first, plus twice the produot of the 
first by the second, plus the square of the second. 

1. Square 3a+2&. 

We have, (3 a+2 6)»==(3 a)»+2(3 a)(2 6) + (2 by 

Let it be required to square a—b. 

a^— db 
- ab'\'b' 
Whence, (a-6)» = a^-2a6+ft*. (2) 

That is, the square of the difference of two numbers 
equals the square of the first, minus twice the product 
of the first by the second, plus the square of the second. 

In the remainder of the work we shall use the expression ''the differ- 
ence between a and 6 " to denote the remainder obtained by subtracting 
b from a. 

The result (2) may also be derived by substituting —6 for b, in equa- 
tion (1). 

2. Square 4 a;'— 5. 

We have, (4 a;»-5)» = (4 a;')»-2(4 a;')(5)+5' 

= 16a;*-40a;»+25. 

If the first term of the binomial is negaiivef it should be written, 
negative sign and all, in parenthesis, before appl3ring the rules. 

3. Square — 2a'-h9. 

We have, (-2aH9)2=[(-2a»)+9]» 

= (-2a»)H2(-2a»)(9)+9' 
=4a«-36a»+81. 

EXEBCIB1C 30 

The following 18 examples are for mental drill : 

1. {x+S)\ 5. (4y-6 2;)». g. (fe-11)^ 

2. (a~4)». 6. (3ac-4by. 10. (v''12wy 

3. (c+9)*. 7. {x+4y. II. (4a+13fc)^ 
4^ (2x+7y. S. (-4Jfc+3d)». 12. (15x-l)». 
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Note that in each of these trinomiai Bquaras, the first and third tenns 
are perfect squares and positive, and the middle term is twice the pro- 
duct of the square roots of the first and third terms. 

What sign does the middle term have? 

In each of the following expressions supply the missing term which 
will form a perfect trinomial square : 

13. a?'+4aL 25. c'+16. 27. 6*— 4 6. 

14. a'+9. 26. a:»+12x. 28. «»+4. 

Can you substitute other numbers than those you used and still form 
a perfect square? 

29. x'+lO a;+25 is the square of what ? 

20. x*'-6x+9 h composed of what factors? 

(Compare example 1.) 

22. Factor x^+2xy'\-y\ 

22. From what two factors do you obtain 16 a'-l*8 a+ 1 ? 

By reversing the product rule in § 91, this rule follows: 

To factor a tri2i02nial square, extract the square roots 
of the first and third ter2xis» and oonneot the results by 
the sign of the second tenn. This gives one of the 
equal factors. 

23. Factor4x'+12a:y+9y'. 26. Factor25ifc'+60 Wfc+36/i'. 

24. Factor 9y'+6y+l. 27. Expand (3a:+2y)2. 

25. Factor c'+8 c+16. 28, Expand (8 a:*+9 x^. 

29. From what do you obtain aj'y' +14 xy+49? 

Sometimes the factors of an expression admit of further 
factoring : 

30. a;*-8x' + 16=(ar'-4)(a:'-4) 

= (a;-f2)(x-2)(x+2)(x-2) [by §89]. 
This result may be written (a;+2)'(a:— 2)'. 

32. Factor a*- 18 a' +81. 

3a. Factor 49 <*+168 tu+lU u\ 

33- Factor 26(a+6)H40(a+6)c+ 16 c». 
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34. Factor 16m*-72mV+81 vK 

35. Expand {x+y+z)(x-y+z). 

(x+y+a;)(aj-y+«)«[(x+«)+y][(x+i)-y] 

= (x+«)»-y» 

36. Expand (a+6— c)(o— 6-hc). 

By §46, (a+6-c)(a-6+c)=[a+(6-c)][o-(6-c)] 

=a»— (6— c)', by the rule, 
=a»-(6'-2&c+c») 

37. (a:'+a:+l)(a;Hx-l). 

38. (aHl+3a)(a'+l-3a). 

39. (a:+»+3)(ar-y-3). 

40. (a'+5a-4)(a'-5o+4). 
4x. Factora»+2a6+6'-c'. 

=(a+6)»-c» 
=«(a+6+c)(a+6~c). 

42. Factor a'4-6 a+9-4 c'. 

43. Factor 9-a»-h2 a6-6* (§ 46). 

44. Factor a'+2 06-f 6»-c'-2 cd-d\ 

45. Factor a'-4(w?+4a:'-6' -1-6 6y-9y». 

46. Factor a:' — y' — 2 yz — 2'. 

47. Is a?*— 8 a: +25 a perfect square? Why? 

48. Square both members of the equation 

(BC)^(BD)-(CD). (See figure.) f f T , 

92. Type m. Product of Two Binomials haying the 
Same First Term, — Let it be required to multiply x+a 
by x-1-6. 

x-{-a 

x+h 

a:'+ ax 

4- hx-\- ah 

Whence, (a5+a)(a5+6) = fiB»+(a+6)a5+a6. 
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That is, the produot of two binomials having the same 
first term equals the square of the first term, plus the 
alsebraio sum of the seoond terms multiplied by the 
first term, plus the produot of the seoond terms. 

1. Multiply X— 5 by a:+3. 

The coefficient of x is the sum of —5 and +3, or —2. 
The last tenn is the product of —5 and +3, or — 15. 

Whence, (x-5)(a:-|-3) = x'-2a:-16. 

2. Multiply x^5 by x— 3. 

The coefficient of x is the sum of —5 and —3, or —8. 
The last term is the product of —5 and —3, or 15. 

Whence, (x-5)(x-3) « x»-8 x+ 15. 

3. Multiply 06— 4 by ab+7. 

The coefficient of 06 is the sum of —4 and 7, or 3. 
The last term is the product of —4 and 7, or —28. 

Whence, (a6-4)(a6+7)= oV+3 a6-28. 

4. Multiply x^+6 y« by x'-h8 y\ 

The coefficient of x' is the sum of 6 y' and 8 y', or 14 y*. 
The last term is the product of 6 y' and 8 y', or 48 y*. 

Whence, (a;»+6 y»)(x»+8 y») = x*+ 14 xV +48 y«. 

SXBBdBB 31 

Expand the following by inspection : 

1. (x+2)(x-h3). 8. (a'+3)(a'-h9). 

2. (x-3)(x+7). 9. (/J-h2C)(/J-h9C). 

3. (x~12)(x-l). 10. {e-Sy)(e-9y). 

4. (x~9)(x+2). II. (a«+2)(a«-6). 

5. (z»+13)(2*+2). 12. (x»-l)(x»+7). 

6. (a»-l)(a»+27). 13. (x*~20)(x»+4). 

7. (c»-4)(c»+6) 14. (6'+3)(^-ll). 

15. From what factors do you obtain x'+8 x+15 ? 
(Compare example 9, Exercise 23.) 
i6- Whatare the factors of xH7x+ 12? 
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17. Factora?H4a:-12. 

By the rule in g 92, the product takes the form 

To factor a trinomial of the form 

reverse this process. 

Hence, to obtain the second terms of the binomials re- 
verse the role for products and find two numbers whose 
alff ebraio sum is the ooeffloient of x, and whose produot 
is the UMst term of the trinomicd. The numbers may be 
found .by inspection. 

18. Factor xH14 a: +45. 

We find two numbers whose sum is 14 and product 45. 

By inspectioUi we determine that these numbers are 9 and 5. 

Whence, a;»+14a;+45=(a;+9)(a;+6). 

Factor the following : 

ig. xH3a:-"10. 28. m'+6m-16. 

ao, x»-12a:+ll. 29. l+2a-99a^ 

2x. a:'-5a:-14. 30. aH18a+56. 

22. aH16a»+15. 31. c^-lOc-TS. 

23. m»+5m-24. 32. P~6*-72. 

24. c'-c-72. 33. mH27m+72. 

25. dH37d+36. 34. aH17a+72. 

26. ifcH5ifc2-14. 35. (x-yy-^x-y) +20. 

27. iJ«~13iJ»+22. 36. (a-f6)H(a+6)-56. 

37. (c+d)^-4(c-fd)-60. 

Expand by inspection : 

38. (a«-8)(a* + 12). 40. (A,+3)(A,+3). 

39. (c+7)(c+7): 41. [(a?+y)+2][(a:+y)-14]. 

42. [(m+iJ)-8] [(m+iJ)-f6]. 

Find numbers which will make the following factorable : 

43. xH(?)a:+36. 44. a^ ( )a-72. 45. c' ( )c-48. 



PRODUCTS AND FACTORS 63 



t*;«n:i»i»:iJ 



Select the type to which each of the following belongs 
and then factor : 

1. a:*- 4 a?'- 32. 7. 36a;*-9y'. 

2. a»+8a+16. 8. a^- 16+2 ab+b\ 

3. a'+17a+16. 9. a*-625. 

4. aHlOa+ie. 10. z*-2-132. 

5. ifc'-12ifc+36. II. m2-50m+49. 

6. a:'+2x+l. 12. m*-14m+49. 

13. Can you factor x^+x+ 1 by any type you have had ? 

The accuracy of your factors can always be proved by finding the 
product of your factors. 

14. Factor (a;+y)'-ll(a:+y)+30. 

15. Factor x^+(2 m+3 k)x+Q mk. 

93. Type IV. Product of Two Binomials of the Fonn 
tnx+n and pao+q. — We find by multiplication : 

mx+n 

X 

px+q 

mpx^+ npx 

+ rnqx-^-nq 

mpx^ + {np +mq)x +nq 

The first term of this result, mpx^j is the product of the 
first terms of the binomial factors, and the last term, n^, the 
product of the second terms. 

The middle term, (^np+mq)x9 is the sum of the products of 
the terms, in the binomial factors, connected by cross lines. 

Me. Multiply 3 «+ 4 by 2 ar - 5. 

The first term is the product of 3 £r and 2 £r, or 6 x*. 
The coefficient of aj is the sum of 4X2 and 3 X( — 5) ; that is, 8—15, 
or —7. 

The last term is the product of 4 and —5, or —20. 

Whence, (3 a;+4)(2 x-5) =6 a;'-7 x-20. 
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Expand the following by inspection : 

;a:+2)(4x-h3). 8. (2d-l)(5d+2). 



I. 

2. 

3- 

4- 

5. 
6. 

7. 



3x-2)(2x+l). 

2x-7)(5a;+3). 

8a:-l)(7x+2). 

a-6)(3a-4). 

2ifc+15)(4ifc-ll). 

6e-6)(4e-3). 



9. (3m+4x)(2m-3x). 

10. (2a'+3y)(3o'-f5y). 

XI. (6aHx»)(8a^-5a?2). 

la. (5iJ-4£r)(3iJ+ll£r) 

13. (m+116)(llm+6). 

14. (6ifc-5/)(5ifc+6/). 



94. Note that the product of two factors of the above form 
is a trinomial of the form 

(Type IV.) aad'+hx+c. 

To factor a trinomial of the form 

reverse the above process. Hence, 

To resolve a trinomial of the form aa^+bx+e into 
two binomial faotors, the first terms of the binomials 
must be such that their product is aab^; the second 
terms must be such that their product is c; the sum of 
the cross products must be to. 

I. Factor 3a?H8a?-f4. 

The first terms of the binomial factors must be such that their product 
is 3 X*; they can be only 3 x and x. 

The second terms must be such that their product is 4. 

The numbers whose product is 4 are 4 and 1,-4 and — 1 , 2 and 2, and 
—2 and —2; the possible cases are represented below: 

aj+4 x+1 X— 4 

XXX 



3x4-1 
13 X 

x-l 

X 

3a;-4 

-7x 



3a;-f4 

7x 

x+2 
X 
3x4-2 

8x 



3x-l 
-13 X 

x-2 

X 

3x~2 

-8x 
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The corresponding middle term of the trinomial, obtained by crosB- 
multiplication, as in § 93, is given in each case ; and only the factors 
x+2, 3 :r+2 satisfy the condition that the middle term shall be 8 a;. 

Then, 3 x'+S a;+4=«(a;+2)(3 x+2). 

2. Factor 6 a:'— X— 2. 

The first terms of the factors must be 6 x and x, or 3 x and 2 x. 
The second terms must be 2 and — 1, or —2 and 1. 
The possible cases are given below : 



6x+2 


ex-i 


6x-2 


6x+l 


X 


X 


X 


X 


x-1 


x+2 


x+l 


a:~2 



— 4a: 11 X 4x — llx 

3x+2 3x-l 3x-2 3x+l 

X X X X 

2x--l 2x+2 2x-hl 2x-2 

X 4x —X — 4x 

Only the factors 3x— 2 and 2x+l satisfy the condition that the 
middle term shall be — x. 

Then, 6x'-x-2 = (3x-2)(2 x+1). 

The following suggestions will be found of service : 

(a) If the last term of the trinomicd is positiye, the 
last terms of the factors will be both +, or both — , ao- 
oording as the middle term of the trinomial is + or — . 

Thus, in Ex. 1, we need not have tried the numbers —1 and —4, nor 
—2 and —2; this would have left only three cases to consider. 

{b) If the last term of the trinomial is negative, the 
last terms of the factors will be one +, the other — . 

If the x' term is negative, the entire expression should be enclosed in 
parentheses preceded by a ~ sign. 

If the coefficient of a:^ is a perfect square, and the coeffi- 
cient of X divisible by the square root of the coefficient of a:^, 
the expression may be readily factored by the method of § 91. 

3- Factor 9x^-18 iF+5. 

In this case, 18 is divisible by the square root of 9. 

We have 9x'-18x+6 = (3x)»-6(3x) + 5. 

We find two numbers whose sum is —6, and product 5. 

The numbers are —5 and —1. 

Then, 9x2-18x+5«(3x-5)(3x-l). 
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Factor the following by inspection : 

I. 3 a:' +20 a: +12. 9. 10 aV- 3 oo?- 18. 



2. 14a;^+5a:— 1. 

3. 8 a:'- 14 a:- 15. 

4. 20a»-27a+9. 

5. 16m»+16m+3. 

6. 15/i»+4/i-4. 

7. 22a*-19a'+4. 

8. 30c«+41cH6. 



0. 30 a:' +17 da;- 2 d». 

1. 36a?'-19a:y-6y'. 

2. 49 a'- 42 06+8 R 

3. 54a''+15a*y+y'. 

4. 48 a*- 22 aV- 5 a;*. 

5. 50^2-55««+14«'. 

6. 72 cW- 13 abed- 16 a^b\ 
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Select the type to which each of the following belongs and 
then factor : 



1. 9 6»-20 6c+4c'. 

2. 9 6'-12 6c+4c2. 

3. 9 6»-4c». 

4. (235)2- (234)'. 

5. 9fc2_16 6c-4c». 

6. ifc»-13*y-48y». 

13. a?'— y*. 



7. ik'+14Jfcy+49y'. 

8. 15c2-19cd-56d'. 

9. 6 a;'- 7 a;- 20. 

10. a2-16a6+64 6'. 

11. 36 dV- 36 dma?+ 9 m'. 

12. 256 a*-800 a'6H625 fc^ 



14. Can you factor 3 a;^— 2 a?+12 ? 
Solve the following equations and verify each result : 

15. (a?+3)'+(a;+5)(3a;-4) = (2a;+5)^ 

16. (3^+5)(3<-5)-(<+7)(/-l) = (8^+3)(^-l). 

17. (2w-3)»+(w+8)(w-8) = (5w-l)(m+3). 

95. It is not possible to factor eveiy expression of the form 
ic^-\'ax+b by the method of § 92. 

Thus, let it be required to factor a:2+18a?+35. 

We must find two numbers whose sum is 18, and product 35. 

The only pairs of positive integral factors of 35 are 7 and 
6, and 35 and 1 ; and in neither case is the sum 18. 
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It is also impossible to factor every expression of the form 
aa^+&a?+c by the method of § 94. 

Thus, it is impossible to find two binomial factors of the 
expression Aic^+Ax—l by the method of § 94. 

In § 236 will be given a genercU method for the factoring 
of any expression of the form a;'+aa;+6, or aa:'+6a:+c. 

96. Type V. When the expression is in the form 

Certain trinomials of the above form may be factored by 
expressing them as the difference of two perfect squares, and 
then employing § 89. 

1. Factor a*+a'6'+6*. 

By § 91, a trinomial is a perfect sqiiare if Its first and last terms are 
perfect squares and positive, and its second term plus or minus twice the 
product of their square roots. 

The given expression can be made a perfect square by adding a%' to 
its second term ; and this can be done provided we subtract a%' from 
the result. 

Thus, a*+aV+6*«(a*+2aV+6*)-a»6» 

= (a»+6»)»-aV, by§91, 

= (a*+6Ha6)(a»+6»-a6), by ( 89, 

==(aHa6+6»)(a*-a6 + 6«). 

2. Factor 9 a?*-37 a;H4. 

The expression will be a perfect square if its second term is — 12 x'. 

Thus, 9 a;*-37 x»+4 = (9 «*- 12 x*+4) -25 x* 

= (3x*-2)*-(5x)» 
= (3 x*+5 a;-2)(3 x^-5 a;-2). 

The expression may also be factored as follows : 

9 a:*-37 x'+4 = (9 «*+ 12 x^ + 4) -49 x* 

= (3 a;*+2)*- (7 x)* = (3 xH7 x + 2)(3 x*-7 a:-f 2). 

Several expressions in Exercise 36 may be factored in two different 
ways. 

The factoring of trinomials of the form x* + axhf^ + y *, when the factors 
involve surds, will be considered in § 237. 
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Factor the following : 

1. a:*+5a;'+9. 5. 9a;H6a:y+49y^ 

2. a*-21 a^b^+36 b\ 6. 16 a*-81 aHI6. 

3. 4-33a;'+4a:*. 7- 64-64 m'+26m*. 

4. 25 m*- 14 m^n^^n\ 8. 49 a*^ 127 aV+81 a;*. 

Factor each of the following in two different ways (com- 
pare §§ 92, 94) : 

9. a;*- 17 a;' +16. ii. 16m*-104mV+25x*. 

10. 9-148aH64a*. 12. 36 a*- 97 a^mH 36 m*. 

97. Type VI. We find by division, 

a+^ a— & 

That is. 

If the sum of the cubes of two numbers be divided by 
the sum of the numbers, the quotient is the square of 
the first number, minus the produot of the first by the 
second, plus the square of the second number. 

If the difference of the cubes of two numbers be di- 
vided by the difference of the numbers, the quotient is 
the square of the first number, plus the produot of the 
first by the second, plus the square of the second num- 
ber. 

If an expression can be resolved into three equal factors, 
it is said to be a perfect cuhcy and one of the equal factors is 
called its cube root. 

Thus, since 27a^V is equal to 3 a%x3 a%X3 a% it is a 
perfect cube, and 3 a^b is its cube root. 

Similarly to extract the cube root of a positive monomial 
perfect cube : 

Extract the cube root of the numerical coefficient, and 
divide the exponent of ea^h letter by 3. 
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Thus, the cube root of 125 a%V is 5 a^Vc. 

1. Divide 1+8 a' by 1+2 a. 

By § 88, 8 a* is the cube of 2 a ; then, by the first rule, 

(Compare Exs. 11-14, 26, Exercise 23.) 

2. Divide 27 of- 64 y» by 3 a;'- 4 y«. 
By the second rule, 

=9x*+12a;y+16y«. 

BXSEICISIB 37 

Find, without actual division, the values of the following : 
x*+\ a*+6* ^ 27a:«-1252/' 

I. • 4* • 7» *-' 

l-o» o»+125 - 343mV+8p» 

2. • 5. • 0. *— • 

1— a a+5 7wn+2p 

n»-27 . 64a:«~-l 64a*6»+216c^ 

3. • o. • o. • 

n-3 Ax^-l 4a26+6c* 

Factor the following : 

10. o'+6'. 13. 8aH27c^ 16. 64w'-n«. 

11, x*-y*. 14. 1-27 n'. 17. a'6'-216c^ 
13. 1+mV. 15. a«+l. 18. 8m'P+27n*'. 

98. Type VII. We find by actual division, 

a+6 
a*— i>4 

=:a3 + a^6+a5^+6^ 



a— 6 
a+& 



= a*+a*6+aV+a6^+6*; etc. 
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In these results, we obsexve the following laws : 

I. The exponent of a in the first term of the quotient 
is less by 1 than its exponent in the dividend, and de- 
oreases by 1 in eaoh succeeding term. 

II. The exponent of b in the second term of the quo- 
tient is 1, and increases by 1 in each succeeding term. 

III. If the divisor is a— &, all the terms of the quo- 
tient are positive ; if the divisor is a + b, the terms of 
the quotient are alternately positive and negative. 

(Compare Exs. 14, 16, 17, Exercise 23.) 

1. Divide a'—b'' by a—b* 
By the above laws, 

a—b 

2. Divide 16a:*-81 by 2a:+3. 

Wehave ll^^l^-ilzJl 

2x + 3 2x+3 

«(2x)»-(2x)»-3+2x-3»-3» 

«8x»-12xHl8a;-27. 

BXSRCI81C 38 

Find, without actual division, the values of the following : 

1. — • 3. • 5. *^« 

m^+n^ 1-a* ^ a^^-bV^ 

2, • 4. • o. • 

m+n 1+a a'— 6c' 

Factor the following : 

7. x^+y\ II. a''-b\ 15. n*''+32. 

8. a^^-l. 12. a"- 1. 16. 243a?Hy*. 

9. 1-mV. 13. a:"+n». 17. m"+128n^ 

10. 1+a;^ 14. 32 a^-bK 18. 32o'*6i'^~-243c*^. 
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99. The following statements will be found helpful if n is 
a positive integer : 

x+y is a factor of a;»*+y* if n is odd. 
x—y is never a factor of x*+y". 
x—y is always a factor of x*— y»*. 
a;+y is a factor of aj»— y» if n is ewn. 

When one factor is x—^ all the terms of the other factor are positive , 
and when one factor is x+y the terms of the other factor are aliemately 
positive and negoHve. 

100. A Common Factor of two or more expressions is an 
expression which is a factor of each of them. 

101. TypeVm. When the terms of the expression have 
a common factor. 

1. Factor 14 a6*- 35 o»6». 

Each term contains the monomial factor 7 a&'. 
Dividing the expression by 7 a6', we have 2 6'— 5 a*. 

Then, 14o6*-35a»5»=7a6»(26»-5a»). 

2. Factor (2m+3)a:'+(2m+3)y«. 

The terms have the common binomial factor 2 m+3. 
Dividing the expression by 2 m+3, we have x'+y'. 

2 m+ 3)(2 m-h3)xH (2 m+3)y» 

x» H-y*' 

Then, (2 m+3)xH(2 m+3)2/» = (2 m+3)(xHy*). 

(See example 6, Exercise 22.) 

3. Factor (a— 6)m+(6— a)n. 

By §46, &-a=-(a-6). 

Then, (a — 6)m + (6 — a)n = (a — h)m — (a — 6)n 

= (a— 6)(m— n). 

We may also solve Ex. 3 as follows : 

(a— 6)m+(6— a)n = (&— a)n— (6— a)m = (6— a)(n— m). 

4. Factor 5 a(a;--y) — 3 a(a;+y). 

5a(x-y)-3a(x+i/)=a[5(x-y)-3(x+i/)] 

=a(5 X— 5 y— 3 x— 3 y) 
==a(2 x-8 y)— 2 a(x-4 y). 

After a common factor is removed one or both of the factors may 
admit of further factoring. 
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5. Factor a'a:*+2a*ajy+ay. 

Dividing by the common factor a\ we have for the facton a' and 

The trinomial is factorable by { 91. 

Whence, aV+2a*xy+ay=a'(a;+y)(af+y) 

EXBB0I8B 38 

Faotor the following : 
I. 36m»-48m2P. 7. {h-k)a^-(k-h)Ac\ 

3- 21a:'y-33a?y'+12a?y. 9. (a:+y)'+4 A(x+y). 

4. 14s2a;c-28 2V+7s*xc'. 10. 4d«(d-l)-(l-d). 

5. (a+2)c*-(a+2)d»a. 11. 4(3a;+2)+4(2a?+3). 

6. (2a:+7)a?' + (2x+7). 12. (a~a:)'-5(a-a:)^ 

13. (2m+3)a*-(2m+3)6^ 

14. (m— l)a*— (m— 1)6*. 

15. (a+6)a'+(a+6)2a6+(a+6)6^ 

16. x'(a?2-l)-8a;(a?'-l) + 15(«^-l). 

17. (m— d)*— 2m(m— d)'+w*(w— d)^. 

In every expression to be factored first remove the 
common factor, if any, then factor the remaininfir part if 
possible. 

Sometimes it is necessary to group the terms (§§ 46, 47), to show a com- 
mon factor, then apply the method of Type VIII. 

18. ab—ay'\'bx—xy. 

By § 46, ab—ay+bx—xy=a{b-'y)-\'x(]b—y). 

The terms now have the conmion factor 6— y. 
Whence, ab—ay+hx—xy = (]b—y)(a+x), 

19. a»+2a'-3a-6. 

If the third term is negative it is convenient to write the last two 
terms in parenthesis preceded by a — sign, § 46. 
Thus, a»+2 a»-3 a-6 = (a»H-2 a») - (3 a+6) 

=a»(a+2)-3(a+2) 

=(a+2)(a»-3). 
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30. ac+ad'\'bc'\'bd. 24. 8a^+12a2/ + 10 6x+15 06. 

31. «y-3a;+2y-6. 25. m*-f6m'-7m-42. 

32. mx+my^iix—ny. a6. 6— 10 a+27 a*— 46 a'. 

33. a6-a-5 5+5. 27. 20o6-28ad-5 6c+7crf. 

Be sure that the factors of your final result will not admit of further 
factoring. 

38. a;»+2a?'y+a:y^ 30. a;'(a+fc)-49y'(o+6). 

39. a+6ab-\'9ab\ 31. 108 kV -36 ks^ +3 sK 

32. m*(2m+3)-3m(2m+3)-10(2m+3). 

33. 9^»(3^+2)+8f(3^+2)+4(3<+2). 

34. d»(d-f3c)+27c»(d+3c). 

35. 5aV-10a2«y-f5ay-20aV. 

36. 48a«-243a'6^ 

Solve the following by inspection : 

37. 98'«(100-2)« 

=(10000-400+4) 
*=9604. 

38. 99*= ? 42. 98»-22== p ^5. 76»-^4»= ? 

39. 104'=? 43. 102»-98'=? 47. 97»-93»=? 

40. 35'=? 44. 68»=? 48. lll'-ll'=? 

41. 65'= ? 45. 78'= ? 

The examples under Type IV afford a valuable application 
of the method in Type VIII. 

49. Factor 6 «'- 7 a:- 20. 

Multiply 20 by 6 (the coefiScient of x*). Factor -120 so that the 
sum of the factors is — 7 (the coefficient of x). These factors are — 15, 8. 

Then write 6x»-7x-20=6a^-16x+8a;-20. 

Group by Type VIII, =3x(2x-6)+4(2x-6), 

whence, 6a;'-7a!-20=(2a;-6)(3a!+4). 

50. Factor examples 1-10, Exercise 34, by this method. 
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102. Hints on Factoring. 

For aU expressiofis : 

First, try Type Vm. 

Sometimes the common factor is disguised 
as in examples 8 and 19, Exercise 39. 

Second, select the type form to which the expression 
belongs : 

Test Mnomials by means of Types I, VI, VII. 

Sometimes the binomial form is disguised. 
See examples 26 and 28, Exerdse 40. 

Test trinqTnials by means of Types II, III, IV, V. 

Third, be sure that no factor in the result will admit 
of further factoring. 

T7FE FOBM8 

I. a*-6' = (a+6)(a-6). (§89) 
11. o^+2a6+i>^=(a+ft)(«+i>), 

III. a5^+aa5+6. (§92) 

IV. <M5»+to+c. (§94) 

V. aj*+«a5*I/*+y*. (§96) 
VI. a»+ft^ = (a+ft)(a^-a6+6'), 

VII. rt~-6~, , 

^' (§98) 

VIII. aa5+ay + a« = a(a5+y+«). (§ 101) 

MISCMLIJLNBOnS AND BBVIBW ISXAMFIiBS 

HXSBCISE 40 

Factor the following: 

I. 42a^6c-7a6. 3- 3a(a-a:)+3a(c+d). 

:>. a?'~5x-36. 4- 36d'-72 djB+35ii^ 
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5. o*— 64. 10. e*—d*. 

1 11. 125 a* - 50 a*b + 5 a'b\ 

273 * 12. a(6+c)-a(6~c). 

7. 8a*-14o6-166». 13. x\by-2z)^x\2y^'z). 

8. 27a:»-82». 14. a*-16 aV+64c«. 

^ . 1 ^2 '5. a«-26o»-27. 

2^ 16. a;"-2a?Hl. 

17. ax—ay-k-az—bx^by—bz, 
i8. (a+6)'+14(a+6)+24. 
19. (x— y)*— 16(a;— y) — 16. 
ao. 4 c'(<;+d) + 12 cd(c+d)+ 9 d2(c4-d). 
21.2 c*(2 c-f 3 d) +5 cd(2 c+3 rf) +3rf'(2 c-|-3 d). 

22. 18 x' - 27 afta; - 35 a»6^ 

23. .a?H(5 c+2 d)a?+10 cd. 

24. 7x2(3a-2 6)-3a;'(2a-3 6). 

After factors are found always unite any similar terms which occur in 
parenthesis. 

25. {x^-\-x-'2y-{x^-x-{-Zy. 26, 64a« + 1000. 

27. a}-c'^-d?+b^-2ab-2cd, 

28. 36m'-(a?-y)'+12m+l. 

29. 3(m+n)2-2(m2-n'). 

30. 2a^a?-8a'*a;'+2aV-8aa?l 
* 31. 2 a^t/ - 2 a;y - 264 a;y. 

32. 8a(2-3y+a:)+5c(3y-a?-2). 

33* /t'— A;'4-fe+A:. 34. m'+wi+a?'+a!. 

Find the factors common (§ 100) to the following ex- 
pressions : 

35- a;'+a?— 6, 4 a;'— 11 a?+6. 

36. a'-O c^ a2-|-4 ac-21 c', a'-27 c». 

37. ajy+3ca;4-2cy+6c', y'— 5cy'— 24c^y. 
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38. a?(a:H2a;+2)+2(a;2+2a:+2), x^+4. 

39. (2c-y)4c'-(2c-y)4cy + (2c~y)y^ {2c-yy 

40. 6aHa-2, 90 a«-25 a^-lOa, 4aH2a~2. 

41. a;'+2a;'+2a?+l, x'+l. 

42. Solve, using factoring : A square, 441 feet on a side, 
has a grass plot within it, 432 feet on a side. The remain- 
ing part of the square is a concrete walk. Find the cost of 
the walk at 140 per square foot. 

Additional work in factoring will be found in §§ 236 and 237. 

SOIiUnON OF EQUATIONS BT FACTOBING 

103. The solution of equations affords an important and 
interesting application of factoring. 

Let it be required to solve the equation 

(a:-3)(2a;+5)=0. 

It is evident that the equation will be satisfied when x has 
such a value that one of the factors of the first member is 
equal to zero ; for if any factor of a product is equal to zero, 
the product is equal to zero. 

Hence, the equation will be satisfied when x has such a 
value that either ^_3_q /j\ 

or 2a?-h5 = 0. (2) 

5 
Solving (1) and (2), we have a; = 3 or — -• 

It will be observed that the roots are obtained by placing 
the factors of the first member separately equal to zero, 
and solving the resulting equations. 

104. Examples. 

I. Solve the equation a:*— 5 a;— 24=0. 

Factoring the first member, (x - 8) (x + 3J = 0. (§ 92) 

Placing the factors separately equal to (§ 103), we have 

x— 8=0, whence x=S; 
and a;+3=0, whence x= —3. 

Verify by substituting x = 8, x = — 3 successively in the given equation. 
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3. Solve the equation 4 a^— 2 a;=0. 

Factoring the first member, 2 x(2 a;— 1) =0. 
Placing the factors separately equal to 0, we have 

2 x=0, whence x=0; 

and 2 a;— 1 =0, whence ic= - • 

Verify these results. 

3. Solve the equation a:^+4a?'— a:— 4=0. 

Factoring the first member, we have by §§ 89, 101, 

(x+4)(a;*-l)=0,or (x+4)(a;+l)(x-l)=0. 
Then, a;+4=0, whence a:= ^4; 

x+1 =0, whence a; = — 1 ; 
and a;— 1=0, whence x=l. 

Verify these results. 

4. Solve the equation a;'- 27- (0^+ 9 a?- 36) =0. 
Factoring the first member, we have by §§92 and 97, 

(a;-3)(a;H3:5+9)-(a;-3)(x+12)=0. 
Or, (a:-3)(xH3 a;+9-x-12)=0. 

Or, (a;-3)(a;2+2a;-3)=0. 

Or, (a;~3)(a;+3)(a;-l)=0. 

Placing the factors separately equal to 0, a; =3, —3, or 1. Verify. 
The pupil should endeavor to put down the values of x without 
actually placing the factors equal to 0, as shown in Ex. 4. 

EXERCISE 41 

Solve each equation and verify results : 

1. ar'-4a;-21=0. 5. t^-t-12=0. 

2. a:2-4a:=0. 6. z^Sz-\-12=0, 

3. 6a;3-12a:2=0. 7. P+7Jfc+12=0. 

4. (2a;-7)(a;»-16)=0. 8. 61^2^17 ^+12=0. 

9. 9v\2v-3)-9v{2v-3)-4(2v-3)=0. 

10. S x^—kx—4P=0. (Solve for a;, then solve for A;.) 

11. 10w2-7w-l2 = 0* 14. 4a?«+20ar2-9a?-45=0. 

12. a;2+2a;-3 2-6=0. 15. 28<2-/-2=0. 

13. 15i;Ht;-2=0 16. 18x^-27 abx- 35 a^b^==0. 
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17. n'+14n-32=0. » 

18. a?»+8a?+16=0. 

ip* w*+6m'— 9m--64«0. 

20. (a;-3)'-(3a?+2)»-0. 

21. 10v'-39'i;-|-14=:0. 

22. 15a:Hx-6=0. 

23. (4 x'-49)(a?2-3 a:-10)(8 xH14 «- 15)»0. 

24. (a:~2)(5a?H8«-4)-(a?»~4)«0. 

25. What number added to its square gives 30 ? 

26. What number subtracted from 4 times its square 
gives J?- 

27. If to 4 times the square of a certain number we add 
three times the number the result is 10. Find the number. 

28. A rectangular room is 4 feet longer than it is wide, 

and its area is 96 square feet. What are its dimensions ? 

Let 10— the number of feet in the width, 
then ti;+4» the number of feet in the length. 

w(k;+4)=«96, 
u?*+4 10-96=0, 
(to-8)(to+12)=0. 
Whence, to == 8 or — 12. 

Then, ti;+4=12 or-8. 

Since we are finding dimensions of a room, these negative roots have 
no significance and can be rejected. There is, however, a very interesting 
geometrical interpretation which may be given. . ^ 

Consider § 10 and Exercise 4. If measurement to 
the right is positive, then measurement to the left 
is negative. If distance upward is + , then distance 
downward is — . 




Now draw this rectangle : ..s! 

This gives two rectangles which fulfill the condi- I 
tions of the problem, if one remembers that — 12 
is algebraically less than —8. 

29. In a right triangle ABC^ the base, J. (7, is 3 feet 
more than the altitude, Bd and the area is 14 square feet. 
Find A O and BC, Make a diagram with your results. 
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30. The perimeter of a rectangular field is 180 feet, and 
its area 1800 square feet. Find its dimensions. Make a 
diagram of your results. 

Find the equations whose roots (§ 73) are : 

31. 2, -f. 

Subtracting each root from x, we have 

(x-2), (aj-J). 

By reversing § 103, the product of these expressions equated to zero 
gives the required equation. 

Whence, («-2)(a;+f)=0, or expanding, 

3 a;»-»-10—0. 

32. 1, 3. 35. 2, -3, 4. . 38. 6, — ^^. 

33. |, f . 36. a, 6. 39. Y> ^• 

34. —1, 4. 37. -, -, o. 40. a+2 6, a— 2 6. 

2 4 

41. The sides of a rectangle are 8 and 11. Form a 
problem similar to problem 28. State the equation. 

QnXSKDGS 

1 . Is 2 a a number? Is it a sum? Is it a product? What are its factors? 

2. Is a+& a number? Is it the sum of two numbers? Can you factor it? 

3. Translate a' +6' into English. Can you factor it? 

4. Given two numbers F and S\ if their sum is multiplied by their 
difference, what is the result? 

5. Given two niunbers F and S ; if their sum be multiplied by itself, 
what is the result? Express in English. 

6. Does the definition of division bear any relation to your idea of the 
process of factoring t 

7. Is 4 a'+2 a+ 1 a perfect square? Why? 

8. The foUowing are for mental drill : (30J)^= ? (20i)*= ? (29i)»= ? 

9. Is 3 a root of the equation 3 a;'-4a;+7=0? Why? Is x-Z a 
factor of the expression? 

10. Is2arootof 2 m*— 9m+10=s0? Ism— 2 a factor of the expression? 

11. How do you form the equation whose roots are 3 and 7? 

12. If one root, 6, of a:'— 8 x+ 16=0 is given, can you find the other 
root without solving the equation? 

13. Using your knowledge of § 91, can you make a general statement 
covering the results of examples 13 and 14, Exercise 12? 



80 ALGEBRA 

Vm. HIGHEST COMMON FACTOR. LOWEST COMMOU 

MULTIPLE 

(We consider in the present chapter the Highest Common Factor and 
Lowest Common Multiple of Monomials, or of PolynomidU which can 
be readily factored by inspection. 

The Highest Common Factor and Lowest Conmion Multiple of poly- 
nomials which cannot be readily factored by inspection, will be con- 
sidered in a more advanced course in algebra.) 

HIGH3B8T COMMON FACTOR 

105. The Highest Common Factor (H. C. F.) of two or 
more expressions is their common factor of highest degree 
(§58). 

If several common factors are of equally high degree, it is understood 
that the highest oonmion factor is the one having the numerical coeffi- 
cient of greatest absolute value in its term of highest degree. 

For example, if the common factors were 6 x and 2 x, the f9rmer would 
be the H. C. F. 

w 

106. Two expressions are said to be prime to each other 
when unity is their highest common factor. 

107. Case I. Highest Common Factor of Monomials. 

Ex. Required the H. C. F. of 42 aW, 70a'6c, and 
98 a*6W. 

By the rule of Arithmetic, the H. C. F. of 42, 70, and 98 is 14. 
It is evident by inspection that the expression of highest degree which 
will exactly divide a'&', a'6c, and a*6'd' is a*6. 
Then, the H. C. F. of the given expressions is 14 a}h. 

It will be observed, in the above result, that the exponent 
of each letter is the lowest exponent with which it occurs in 
any of the given expressions. 

BXBBGISE 42 

Find the H. C. F. of the following : 

1. 14 xY 21 xy\ 3. 36 m^b\ 48 m^b\ 60 m*b, 

2. 64a^6^ 112 6V. 4. 25ac^ 30 a V, 35 ac. 
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5- 32 a^x\ 128 a«6 V. 192 a«a?y . 

6. 136a«mV, 51 6*fiin\ llQc^mV.' 

7. 60(x-y)*, 84(x-y)*. 

108. By § 48, (+a)x(+6) = +a6, (+a)x(^6) = ^a6, 

(-a)x(4-6) = -a6, (-a) x(~6)=4-a6. 

Hence, in the indicated product of two factors, the sUpis 
of both Ikctors may be ohanffed without altering the 
product ; but if the sign of either one be changed, the 
sign of the product will be changed. 

If either factor is a polynomial, care must be taken, on 
changing its sign, to change the sign of each of its terms. 

Thus, (6— a)(n— m) may be written in the fonn 

— (6— a)(m— n), or —{a—h){n—m). 

In like manner, in the indicated product of more than 
two factors, the signs of any eve^ number of them may be 
changed without altering the product ; but if the signs 
of any odd number of them be changed, the sign of the 
product will be chcmged (§ 49). 

Thus, (a— 6)(c— cO(c— /) may be written in the forms 

(a-6)(d-c)(/-c), 
(6-a)(c-d)(/-c), 
— (6— a)(d— c)(/— c), etc. 

109. Case II. Highest Common Factor of Polynomials 
which can be readily factored by Inspection. 

z. Required the H. C. F. of 

5 x^-45 x^y and 10 xy-40 xy-210 xy^. 

By §§ 101, 89, and 92, bxhf-^bxhf=^b xhf{x^-^) 

=5xMaJ+3)(a;-3); (1) 

and 10 a;V-40 a:V-210 Ty^ = lO ry\x^-4: x-2\) 

= 10xt/»(x-7)(a;+3). (2) 

The H. C. F. of the numerical coefficients 5 and 10 is 5. 
It is evident by inspection that the H. C. F. of the literal portions of 
the expressions (1) and (2) is xy{x-\-Z). 

Then, the H. C. F. of the given expressions is 5 xyix-^-^). 
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It is sometimes necessary to change the form of the factors 
in finding the H. C. F. of expressions. 

2. Find the H. C. F. of aH2a-3 and l-a». 

By §92. aH2a-3«(a-l)(a+3). 

By 5 97, l-a»=(l-a)(l+a+a»). 

By § 108, the factors of the first expression can be put in the form 

-(l-a)(3+a). 
Hence, the H. C. F. is 1 — a. 

XXBBOISB 43 

Find the H. C. F. of the following : 

1. 10a:V-40a:y, 25x1/^-15x1/^ . 

2. c2-25 6^ c2-10 6c+25 6^ 

3. a^-5a-36, o*-4a~32. 

4. te+5a(-7<-35, <'a(+8te4-15z. 

5. 2o'-a6-3 6^ 3aHa6-2 6^ 

6. 9a2-25 6^ 9a2-30a6-h25 6^ 

7. 8n»-|-l, 4n^-2n-|-l. 

8. n*-3n-40, nH4n-5, 2n'+6n-20. 

9. ^'+2^H/-l-2, <*+3<24-2. 

10. v'—v'— v-hl, v*— 2t;'-|-l. 

11. 6aHa-2, 12 aH5a-2, 6 aH4 a- 15 az- 10 2. 
12.25*2-16, 25P-40i-hl6, 30i'+i-20. 

13. a*^-32, a2+9a-22, a»-8. 

14. l-lla^-18a^ 8a»-l, 18a2-5a-2. 

15. a:*-|-3a?2-40, a;*-25, a»-|-a2-5a-5. 

16. a2-(6+c)^ (6-a)2-c2, 62_(a-c)2. 

17. (a?'-|-a;+2)(a?*-a:~2), a?2-5a?-6, a:'-8a?~9. 

18. 2a'(2a+3 0-l-5(rf(2a+3 0+3<'(2a-|-3 

and 4 a2(f-fa) + 12 (rf(< -fa) +9 fX<+a). 
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IiOWSST OOMICON MtlliTIFIill 

1 10. A Common Multiple of two or more expressions is an 
expression which is exactly divisible by each of them. 

111. The Lowest Common Multiple (L. C. M.) of two or 
mx>re expressions is their common multiple of lowest degree. 

If several common multiples are of equally low degree, it is understood 
that the lowest conmion multiple is the one having the numerical coeffi- 
cient of least absolute value in its term of highest degree. 

For example, if the common multiples were 4x—2 and 6 x— 3, the 
former would be the L. C. M. 

1 12. Case I. Lowest Common Multiple of Monomials. 

^x, Sequired the L. C. M. of 36 a'x, 60 a'y', and 84 ca^. 

By the rule of Arithmetic, the L. C. M. of 36, 60, and 84 is 1260. 
It is evident by inspection that the expression of lowest degree which 
is exactly divisible by a^x, a*y', and ex' is a^cxh/*. 

Then, the L. C. M. of the given expressions is 1260 a^cxh/^. 

It will be observed, in the above result, that the exponent 
of eaeh letter is the highest exponent with which it occurs 
in any of the given expressions. 

SXICBOISB 44 

Find the L. C. M. of the following : 

1. 5 xY^ 6 xY' 5. 105 a^by 70 h% 63 c^a, 

2. 18 a% 45 b^c. 6. 50 xY, 24 x*y^ 40 xY- 

3. 28 x\ 36 y\ 7- 21 ab\ 35 fc^c*, 91 aV. 

4. 42 m*n\ 98 nY- »• 56 a^b\ 84 6a?^ 48 xY- 

9. 60 a^bc\ 75 a^b% 90 a Vd». 
10. 99 m*nx\ 66 mhiYy 165 n'^xY- 

113. Case II. Lowest Common Multiple of Polynomials 
which can be readily factored by Inspection. 

I. Required the L. C. M. of 

a;'— 5 x+ 6, a:'— 4 x-\- 4, and a?'— 9 x. 

By §92, a;'-5a;+6 = (a;-3)(x-2). 

By 5 91, ar'~4a;+4 = (a;-2)'. 

By i 89, x»-9 x^x{x+S)(x-3). 
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It is evident by inspection that the L. C. M. of these expressions is 

x{x-2y{x+Z)(X'-S). 
It is sometimes necessary to change the form of the factors. 

2. Find the L. C. M. of o/c^bc—ad-hbd and 6'— a^ 

By § 101, ac-hc'-ad+bd=^{a-b){c-d). 

By §89, 6»-a»=(6+a)(6-a). 

By i 108, the factors of the first expression can be written 

(6-a)(d-c). 
Hence, the L. C. M. is (6+a)(6-a)(d-c), or (6»-a»)(d-c). 

SXICBCISB 46 

Find the L. C. M. of the following: 

1. a?'-7 a;4-10, a;'-8 a;-|-15. 

2. ifc»-4, P~7i-hlO, ifc»~5iH4ifc-20. 

3. 2a*-a-l, 2aH5a-|-2, 2aH7a-|-3. 

4. R^-'3R-\-2, R^-5R+6, R^-iR-^-S. 

5. a'-2a-3, a^-'3a-\-2, a'-l. 

6. m-2, m2-2m+4, m'-6mH12m-8. 

7. a?*4-a;'-l-l, x^+x+1, x^-^x-\-l. 

8. 4-1-/, 4-1-3 /, /-Jk, Jk-3 /. 

9. (a?-2)(a?-3), (a?-3)(a?-4), (4-a?)(2-a?). 

10. a'-9, a*-27, a-3, aH3a4-9. 

Find the H. C. F. and the L. C. M. of the following : 

11. m^+Sm+2, m^+5m-\-6, mH4a?-f3. 

12. aH4a6-|-4 6», a^-4b\ a^-\-2ab. 

13. 2^+7 4-4, 3P-hl3ifc-|-4. 

14. 2a?'-3aa:-|-a', 2x^-5ax-h2a\ x^-'3ax+2a^. 

15. 9t^-25v\ 6tx + l0vx, 12to-|-20w. 

Find the L. C. M. of the following : 

16. 9a?»-12a;2-|-4x, 18 flw:H12ax'-|-8aa?^ and 27a:»-8. 

17. (x-l-z)'-y', (x-fy)2-z^ x^'-(y-\-zy. 

18. (c-iy+3c, c'-l, c-1. 

19. (e-\-yy—4ey, e^+2e^y+ey^, e*+ey^. 

20. ar»-|-8, 4ar'-(ar2-|-4)^ 
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IX. FRACTIONS 

1 14. The quotient of a divided by b is written ^. 

The expression - is called a Fraction; the dividend a is 

b 

called the numerator^ and the divisor b the denominator. 

The numerator and denominator are called the terms of 
the fraction. 

115. It follows from § 62, (3), that 

If the terms of a fraction be both multiplied, or both 
divided, by the same expression, the value of the frac- 
tion is not ohanffed. 

116. By the Rule of Sig^s in Division (§ 61), 

4-o_ — o +a — g^ 

That is, if the signs of both terms of a fraction be 
changed, the sigrn before the inaction is not changed ; 
but if the sign of either one be changed, the sign before 
the fraiotion is changed. 

If either term is . a polynomial, care must be taken, on 
changing its sign, to change the sig^ of each of its terms. 

Thus, the fraction -. by changing the signs of both numerator and 

c—d ,_ 

denominator, can be written — — (§ 44). 

d—c 

117. It follows from §§ 108 and 116 that if either term 
of a fraction is the indicated product of two or more 
factors, the signs of any even number of them may be 
changed without changing the sign before the fraction : 
but if the signs of any odd number of them be changed, 
the sign before the fraction is changed. 

Note : To change the sign of a factor is to change the sign of every 
term of the factor. 

Thus, the fraction - — ?^^^ — -• may be written 

(c~d)(e-/) 

a — b h—a _ h—a . 

(d-c)(/-e)' (d-c)(6-/)' W-c)(/-e)' 
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Write each of the following in three other ways without 
changing its value : 

a n+3 8 2a:-7 6x-5 

Z. -• 2. — - — • 3. • 4. • 5. 



2 7 2-x x+2 (a;-3)(y+4) 

6. Write ^ — ^ V . V ill four other ways without 
changing its value. 

BXDUCTIOK OF FBAOTIONB 

1 18. Reduction of a Fraction to Lower Terms. 

A fraction is said to be in its lowest terms when its nu- 
merator and denominator are prime to each other (§ 106). 

(We consider in this text those cases only in which the numerator 
and denominator can be readily factored by inspection. 

The cases in which the numerator and denominator cannot be readily 
factored by inspection are considered in the second course.) 

119. By^ 115, dividing both terms of a fraction by the 
same expression, or cancelling common factors in the numera- 
tor and denominator, does not alter the value of the fraction. 

We then have the following rule : 

Resolve both numerator and denominator into their 
factors, and cancel all that are common to both. 

1. Reduce rrr-rr. to its lowest terms. 

W h ve 24 a*h*cx _ 2'X3Xa*b*cx Sa^x 

by cancelling the common factor 2'Xa^6^c. 

2. Reduce — - — "^ to its lowest terms. 

By §§97 and 92, x»-27 ^(x-3)faH3x+9) ^x'+3a;+9. 
x>yss^# ' ^8_2x-3 (x-3)(a;+l) a;+l 

3. Reduce — "" „"" y"*"^ to its lowest terms. 

6' —a' 
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BvM89andl01 ^-^^-^y+^y ^i<^'-^)(^-y). 
ay n w and loi, ^,_^, (f,^a){h^a) 

By § 117, the signs of the terms of the factors of the numerator can be 
changed without idtering the value of the fraction; and in this way the 
first factor of the numerator becomes the same as the second factor of 
the denominator. 

«. ax-hx-ay+by ^ ib-'a)(y-x) ^y-x 

^"e'*' 52-a» (6+a)(6-a) b+a 

If all the factors of the numerator are cancelled, 1 remains to form a 
numerator; if all the factors of the denominator are cancelled, it is a case 
of exact division. 

JCXEOStOISB 47 

Reduce each of the following to its lowest terms : 

5 xYz\ 54 mn^ \ 126aW^ 90 a^m^n\ 

3a?yV* ^' 99 mV* ^' 14 a V * * 36amV* 

12 a^b* 63 xYz\ g 26 m^i^p^ g 88 xYz\ 

42 6V ^' 84a?yz2 ' 130 mVp^ * 66a;y** 

120a^feV« 15a?V+10a:V a;'-9a:H-18 
. 10. it 2_. II. : — . 

75a6V 6ary-|-4xy x^-\-x-l2 

m^~5m~84 ^ 4o^~16ad4-15d^ 

6 a:'~ 7x21-20 2' ^ a^a- 12 



I. 



2. 



4x2-25 2' 3a'~13a+12 

^^ (a?'-49)(a?'~16a ?+63) 



17. 



(x'- 14 a?-f 49)(a?'-2 a;-.63) 

12 g^m'-f 48 a*- 10 m'6-40 & 
36a«-60a*6-|-25fe' 



« 36a'4-97ac+36c' 27 6»-8a* 

Il5, . 20. 



9 aH13 ac+4 c' 16 a'-32 a6+12 6' 

18 a'~3 ac- 10 c' 165 fi+2 1- 1 

ig. . 21. 



36a'-25c' 15<*+14t'-^' 
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' (4a-2 6)2-(3c~d)' (a;-2 t?)*-(t^^-y)2 

4 c^(2 c-3 d)~6 cd(2 c-3 d)4-9 d^(2 c-3 d) 

120. Reduction of a Fraction to an Integral or Mixed 
Expression. 



A Mixed Expression is a polynomial consisting of a ra- 
tional and integral expression (§ 57), with one or more frac- 
tions. 

Thus, a + - , and - + ^ are mixed expressions, 

c 3 x—y 

121. A fraction may be reduced to an integral or mixed 
expression by the operation of division, if the degree (§ 58) 
of the numerator is equal to, or greater than, that of the 
denominator. 

1. Keduce — to a mixed expression. 

By§66, 6a:Hl5x-2^6£!^15x_A = 2x+5-A. 

3x 3a; 3x 3x 3x 

jy , 12a?'-8a?H4a?-5, . , 

2. Keduce ' to a mixed expression. 

4 a;'-f-3)12 a;»-8 x»+4 a;-5(3 a;-2 
12 x» +9 a; 

-8x'-6x-5 
-8 a;' -6 

-5a:+l 

Since the dividend is equal to the product of the divisor and quotient, 
plus the remainder, we have 

12 a;'-8 a;»+4 a:-5=(4 a;'+3)(3 a;-2) + (-5 a;+l). 

Dividing both members by 4 x'+3, we have 

12x^-8x» + 4x-5 _o^ o, -5a;+l 
4a;»+3 4a;»+3 ' 
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Thus, a remainder of lower degree than the divisor may be written 
over the divisor in the form of a fraction, and the result added to the 
quotient. 

If the first term of the numerator is negative, as in Ex. 2, it is usual to 
change ihe sign of each term of the numerator ^ changing the sign before 
the fraction (§ 116). 

Thus, 12x»-8:r;+4a:-5^3^,3_ 6x-l 



4a5'*+3 4a;»+3 
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Reduce each of the following to a mixed expression : 

25a2-10a+ll ^ a^+32 

5a a— 2 

16 mH 12 m' +8^2-9 ^ cHd* 

2. • Q. • 

3 m' c-^d 

4a:*-|-l 24a:»+21a;-fl9 

3. L_. 10. ! . 

2a;2+l 4x2-2a?-|-5 

a:2-f6a;H-9 , a;2-4a;+8 

4. ■ ■ — • TI. • 

a:»-f3a;-|-9 a?2+2a:-7 

g, iL_. 12. • 

x^y 3a?'-fa:— 9 

^ 8a*-27c' 8a2-22a6-21fe2 
o. ♦ 13. ' • 

2a+3c 2a-76 

8a^-f 12o^y-15y J 49a:'~96a?.v-f27y^ 

2a2-f362 ' ^^* 7a;Ha?y~18y2 

122. It is evident from § 121 that a mixed expression may 
be result of division. Since the dividend is equal to the pro- 
duct of the divisor and quotient plus the remainder, to reduce 
a mixed expression to a fraction, Multiply the integrral part 
by the denominator of the fraction, add the numerator 
to this result and write the denominator under this sum. 

Note : If a miniis sign precedes the fraction^ change each sign in ihe 
numeraUjr, 
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Ex. Beduce 2 »— 3 to a fraotional form. 

g^ 3 4x-5_ (2x~3)(a?+l)~(4a:-5) 

z+1 x+1 

2x»-ag-3-4a;4-5 _ 2g»-53;4'2 
x+1 x+l 



;}».«:n:<»ii:l > 
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^ . 4c-3 a . -4a» 

I. c— 3H • 8. a?— 4 a— 



2c X 

. , 6a2-2 ^- 20 a 



5a x—ba 

o ,11, 3^ o* Q 8/»-|-27m^ 

3. 2n + ll-|-- -• 10. 2^— 3m— 



6n-|-2 4/^+6/t«+9t*' 

^ 3a?+4y . , ^ ., 4a'-256^ 

3a:-4y 2a-56 

^ a^H-2a64-6' . a.o . 3. 16y« 
4ao x— 2y 

. (a;4-.v) ' , 9a'-4a 6-i-6' /o ok\ 

6. -^ ^— A. 13. — -— (2a-3o). 

(x-yY 4a-2 6 ^ ^ 

^ (3c-8d)2 , 10a'-2 9ac-fl0c ' . g _^o 

7. -^ ^ — 1. 14. hoa+2c. 

123. Reduction of Fractions to their Lowest Common De- 
nominator. — To reduce fractions to their Lowest Common 
Denominator (L. C. D.) is to express them as equivalent 
fractions, each having for a denominator the L. C. M. of 
the given denominators. 4^^ 3 

Let it be required to reduce — rr-., — —^ and — — to their 

, . J • i. 3a'6« 2a6* 4a»fc 

lowest common denominator. 

The L. C. M. of 3 aV, 2 a6», and 4 a»6 is 12 a»6» (§ 112). 
By $ 115, if the terms of a fraction be both multiplied by the same 
expression, the value of the fraction is not changed. 

Multiplying both terms of — ^ by 4 a, both terms of ---^ by 6 a% 

3 o'o' 2 <ur 

and both terms of -^-^ by 3 6*. we have 
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16 ocd 18a«6m , 15 6'n 
12a»6»' 12a»6»' 12a»6»' 

It will be seen that the terms of eaoh fraction are multi- 
plied by an expression, which is obtained by dividing the 
L. C. D. by the denominator of this fraction. 

Whence the following rule : 

Find the L. O. M. of the given denominators. 

Multiply both terms of each fraction by the quotient 
obtained by dividing the L. O. D. by the denominator of 
this fraction. 

Before applying the rule, each fraction should be reduced 
to its lowest terms. 

124. Ex. Reduce -- — - and — — to their lowest oom- 

, . . a'-4 a'-5a+6 

mon denominator. 

We have a'-4«(a+2)(a-2), 

and a»-6a+6«(a-2)(a-3). 

Then, the L. C. D. is (a+2)(a-2)(a-3). (5 113) 

Dividing the L. C. D. by (a +2) (a —2), the quotient is a— 3; dividing 
it by (a— 2) (a— 3), the quotient is a +2. 
Then, by the rule, the required fractions are 

4o(a-3) . 3o(a+2) 

(a+2)(a-2)(a-3) (a +2) (a -2) (a -3) 

SXSBGISB 60 

Reduce the following to their lowest common denominator: 
7a636c2ca ^ 4 a' 2 



6 ' 10 ' 15 4a'-9' ^d'-^a 

5 4 6 ^ 1 3mn 2mV 

2m'n 5m'n* 7mn' m—n 2(m— n)' 3(m— n)' 

3a;-f4z Gx— 6t/ ^ 3n 5 



22a:y'' 33 yz* n«-8' 71^-4 n+4 



llc*p ^a^m SVn 
^' 12a*6' 14 6V 21c»a* 



8. 2 3a 



a»-h3aH2a-f6' a»+27 
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ADDITION AND SUBTRACTION OF FBACTIONS 

135. By §65, ^ + ^-^^^^-±£^1. 

a a a a 

We then have the following rule : 

To add or subtract fractions, reduce them, if neoesseury, 
to equivalent fractions having the lowest common de- 
nominator. 

Add or subtract the numerator of each resulting frac- 
tion, according as the sign before the fraction is + or — , 
and write the result over the lowest common denomi- 
nator. 

The final result should be reduced to its lowest terms. 
126. Examples. 

x.Simphfy-^^-f-^-^. 

The L. C. D. is 12 a*6'; multipl3dng the terms of the first fraction by 
3 b^, and the terms of the second by 2 a, we have 

4a^6 6a6» 12 aV 12 aV 

^ 12 a&»-t-9 6H2 a-12 db^ ^ 9 b^ + 2 a 
12a^6» • 12 aV ' 

If a fraction whose numerator is a polynomial is preceded 
by a — sign, it is convenient to write the numerator in 
parenthesis preceded by a — sign, as shown in the last term 
of the numerator in equation (A), of Ex. 2. 

If this is not done, care must be taken to change the sign 
of each term of the numerator before combining it with the 
other numerators. 

Si.£ 5 a;— 4 V 7 a?— 2 « 
implify *t »^. 

*^ -^ 6 14 

The L. C. D. is 42; whence, 



FRACTIONS 93 



5x-4y 7 x-2y ^ 35x-2Sy 21x-6y 
6 14 42 42 



3. Simplify 



_ 35a;-28y-(21x-6y) ,.. 

42 ^^^ 

_ 35a;-28y-21a;+6y ^ l4ag-22y _ 7a:-ll y 
42 42 21 

1 1 



We have, x^+x==x{x-hi), and aj*--a:=a;(a: — 1). 
Then, the L. C. D. is x{x + l){x-l), or ojCx^-I). 
Multiplying the terms of the first fraction by x — 1, and the terms of 
the second by 05+ 1, we have 

1 1 ^ x-1 x-{-l 

x'+x x^ — x x{x^ — l) x(x^— 1) 

^ x-l-(x+l) ^ x-l-x-1 ^ -2 
x{x^-l) xix^-l) xix^-l)' 

By changing the sign of the numerator, at the same time changing the 
sign before the fraction (§ 116), we may write the answer — 



x(x*-l) 

Or, by changing the sign of the numerator, and of the factor x* — 1 of 

2 * 
the denominator (§ 117), we may write it 



xH-x^) 



4. Simplify — — - — -- - — -- — — + 



a^-S a+2 a2--4 a-f3 a'-5 a+6 

We have, a»-3 a + 2 = (a-l)(a-2), a'-4a + 3 = (a-l)(a-3), and 
a'-5a+6 = (a-2)(a-3). 
Then, the L. C. D. is (a-l)(a-2)(a-3). 

Whence, , i _ - , ? _ + 



a2-3a + 2 a2-4a + 3 o^-5a+6 

^ a-3 2(0 -2) . 0-1 

(a-l)(a-2)(a-3) (a-l)(a-2)(a-3) (a-l)(a-2)(a-3) 

^ a-3-2(o-2)+a~l _ a-3-2a+4+o-l 
(a-l)(a-2)(a-3) (a-l)(a-2)(a-3) 

=0. 



(o-l)(a-2)(a-3) 
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Simplify the following : 

2a?+9 3x-5 5R+2t SR+St 

"' 8 12 ' ^' 6RV 9/tt» 

5.8 ^ 2c-7(P 5c-\-2d 



2. 



4aV Ta^^c ^ 13 d» 26 c 

2 0-3 6 3o"8 6 ^ 4o4-3 6 c-f26 5a~c 

10 15' '2a6 36c4ac' 

7- 



2(6n4-5) _ 3(n-f6) 4(5 n- 4) 
11 "^22 44 * 



ID. 



« 2a+3f 3a+2< , 5a-7^ 

o. — — — -4- • 

14 21 28 

3a^-4 4oH2 6o^-2 

^* 10 o* 5 a» 25 a* * 

5a?-4 3y4-2 2z-f5 

8x 12y 62 

5a?-7 9x-8 12x-ll , 2a?+9 
II. • 

.5 15 20 10 

7t-4 3t-8 7<-f7 , 6<-5 
12. ■ — • 

4 5 8 10 

13. |(3a+4 6)-A(2a-56) + ^(a+26).^ 

3.2 6c , cH8c-9 
14. 1 • 20. 1- 



3a?-l 2a;-fl 5c-3 c2+4c-2 

1 2 ^^ _x X 2 a; - 6 

^ 5 , m 3a;-f2 9a?'+4 

lO, • 22. • 

m-l-5 m-3 3a?~2 9x^-4 

^ x-3 a?-4 6a~5 . 2a-l 

17. _ _. 23. -- — -—-I 



a?-4 x-5 a2-2a-15 2a*~5a-25 

jg 3a? y 6a^--4a o— 5 

* 3a:+y 3a;-y' ^^* aH27 6aH17a-8' 

19. . 25. — ^^-i — 2 2!/. 

4a~12 lOaH-15 3a:~22/ ^ 

iVote ; We may regard an integer as a fraction whose denominator is 1, 
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. 2c-l . . 2c + l 
36. h4 —c— --• 

3 c+1 

2 m— 1,4 3 m o 
27. 1 ; 2. 

m— 1 m-l-1 m'—l 



28. 



3 2+1 2a»-10a-|-12 



5 2-7 10 2^-49 2+49 



3 < 15 , R 

29. : r+5. 

^+1 3<«+/-2 

c+d , c'— d* c , d 

1; c*+ca V c 

3.2.-. 1 
31. ; + — ;+5+ 



c—d c+d c+2d 

In certain cases, the principles of §§ 116 and 117 enable 
us to change the form of a fraction to one which is more con- 
venient for the purposes of addition or subtraction. 

3 ^2 6+a 
32. • 

Changing the signs of the terms in the second denominator, at the 
same time changing the sign before the fraction ($ 116) (see Exercise 
46), we Yiave _3 2b+a 

The L. CD. is now a* -6*. 

TKo« 3 _ 2 6+o _ 3(o + 6)-(2b+o) 

3a+36-26-a 2a+b 



S3' 



1 11 



(x-y){x-z) (y-x){y-z) {z-xXz-y) 

By S 117, we change the sign of the factor y—xin the second denomi- 
nator, at the same time changing the sign before the fraction; and we 
change the signs of both factors of the third denominator. 

The expression then becomes 

1^1 1 



{x-y){x-z) ix-y)(y-z) (x-z)(y'-z) 
The L. C. D. is now (x— y)(a;— 2)(y— «); then the result 
_ (y— g)-H(a?— g) — (x— y) .^ y—g+x— g— a?+y 
(a;-j/)(a?-g)(y-g) {x-y){x-z){y-z) 
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_ 2y-2g ^ 2(y-g) 



(x-y)(x-2)(y-2) (x-y)(a:-2)(y-z) (a;-y)(a;-z) 



34- 



2 



3 3a;(a-fe) a-2b a-b 

3ar-12 4-a? ^^* a?2-6* ar+fe "*" fe-a:' 



2a , 5 a b b^-a^ 

35. -7— t + t: 40. 



a*-9 3-a ik-a ifc-fe b^-bk 

^ 2e+Sa , 3 6+4 a 2(a+t) , a+< , <-a 
30. H • 41. ^ H H • 

2 6—3 a 4 a— 3 e t a—t t+a 

a?-l , 2-a: 2w+7,3w-5 17w+2 

37. • 42. ! • 

a:*-8arH-15 a?-5 4-6tt 9w+6 4-9w* 

g v—b _ V'\-b . b^—ia^ m—2 3— m m— 5 

v—2a v+2a 4 a*— t?' * m— 3 4— m 6— m 

MUI/FIFLIOATION OF FBACTIONB 

127. Bequired the product of - and -i- 

b d 

Let f • §=^- (1) 

o a 

(Multiplication may be indicated by either X or *.) 

Multiplying both members by 6 • d (Ax. 7, § 4), 

^ . £ . 6 . d=x • 6 • d, or ('^ . 6V| • dVx - b - d; 

for the factors of a product may be written in any order. 

Now since the product of the quotient and the divisor gives the 
dividend (§ 60), we have 

^ • 6=0, and ^ • d=c. 
a 

Whence, (a)(c) =x • 6 • d. 

Dividing both members by 6 • rf (Ax. 8, § 4), 

a • c 



h'd 



= x. (2) 



From (1) and (2), 2 . £=^. 

o a oa 

To multiply fractions, multiply the numerators together 
for the numerator of the product, and the denominators 
for its denominator. 

128. Since c may be regarded as a fraction having the 
denominator 1, we have, by § 127, 
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a __a £__oc 



Dividing both numerator and denominator by c (§ 115), 



a a 

- • c= 



6 b-i-c 

Then, to multiply a fraction by a rational and integral 
expression, if possible, divide the denominator of the 
fraction by the expression; otherwise, multiply the 
numerator by the expression. 

129. Common factors in the numerators and denominators 
should be cancelled before performing the multiplication. 

Mixed expressions should be expressed in a fractional form 
(§ 122) before applying the rules. 

X. Multiply 15^ by ^;. 

lOahf ^ Sb*x* ^ 2' 5-3* a^*x^ ^ bb*x 
9bx^ ' 4 aV 3» • 2^ • a^bxY Q V 
The factors cancelled are 2, 3, a', &, x*, and y. 

2. Multiply together f"^^^ , 2-^, and ^'""^ 



x^-hx—Q a?— 3 a?^— 4 

9 
4 

x^+2x 2x-6-a:+4 rt»-9 



x*+2x . /q a;~4\ . x^ 
c»+a;-6 \ x-sj x^— 



x^+x-6 x-S x*-4 

(»-K3)(x-2) ' J9^<i ' (jH-^(»-^) a:-2' 
The factors cancelled are x+2, x— 2, a?+3, and «— 3. 

3. Multiply ^YZhi ^^ ""■^* 

Dividing the denominator by a— 6, " • (o—b)= ^ f ■ 

4. Multiply by m+n. 

Multiplying the numerator by w+n, — 2L- . (i^+n) =^-i^^. 
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Simplify the following : 

27 6V 16 o* 12 &» 7 c* 

^ 21 a^b' 4 c'd* ^ 28 mV 15 »« 5g» 

* 8 cd* 36 o»6«' ' 26 n'a;* * 14 m*a;» * 21 TO»n*' 

5 a' 9 6' 7 c* o'-o6 , „. 



(a:-2). 



zo. 



II. 



12. 



3 6* 10 c« 6 a* aH4a+4 

Sa?*^ 15 y^ 28 2^ ^ 5c+a; 
10y» * 72 * 9a;»* * a;H4x-12 

35a*fe ^ n^--6n<f4-9rf' 
^* 4 71^-36 d' * 20 oft* * 

a*-2a-35 4o^-9a 
2a»-3a* * a-7 

16 2^-9 y*' ^ 2 2*4-11 2v + 14y* ^ 
8 2*4-22 2y-21 y* ' 4 2HII 2y 4-6 y** 

4<*4-4<4-l 3te4-5c4-6<rf4-10d 
3<4-5 * 4 <*4- 10^4-4 

a«-8 6» g* 4-4 064-4 fe* 
'^' a*-4 6* ' 2 a»4-4 a*fe4-8 oft*' 

/. a*4-2a64-fe*\/ 4afe^_^.\ 

3a?-4y 9 a?* 4- 24 a?y 4- 16 y* g 
3a;4-4y 3aT*--4a:y 

Note: In problems similar to example 15, indicated multiplication ' 
or division must be performed before addition or subtraction is made. 
2 X is to be added to the product of the fractions, not to the second 
fraction. 

For example, in 13+4X34-6-^2-4, 4X3 and 6-5-2 must be per- 
formed before uniting the terms of the expression. 

. 25m*-40m4-16 8 m*- 12 m* o . ^ 
16. ^ ■ — • 2m4- 



4m*-9 25 m*- 16 2m4-3 
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DIVI8IOK OF FBAOnOKB 

130. Required the quotient of - divided by -• 

Let r-3=^- (1) 

o a 

Then sinoe the dividend is the product of the divisor and quotient 
(§60), we have a__c ^ 

Multiplying both members by - (Ax. 7, § 4), 

c 

^X- = ^XxX- = a:. (2) 

oca c 

From (1) and (2), ^^^=^x^. (Ax. 4, § 4) 

a c 

Then, to divide one fraction by another, multiply the 
dividend by the divisor inverted. 

If the divisor is an integer, c may be regarded as a frac- 
tion having the denominator 1. 

Mixed expressions should be expressed in a fractional form 
(§ 122) before applying the rules. 

t;. ., 6a*6 , 9a26» 

1. Divide ---— by - 

Wehave 6a»b . 9a»6» ^6a% . 10rcV ^4y« 
5a;V * 10 xV 5xV 9 a^&' 3 6»x 

2. Divide 2 - ^^^^ by 3 - ^ ^'~ ^^ > 

a? + l "^ a?^-l 



/o 2X-3N /« 3x^-13 \ 



_ 2x-f 2-2x4-3 . 3x^-3-3x^+13 
x+1 * x^-l 

= _5_ . x^-1 ^ 5(x-fl)(x-l) _x-l 
x+1 ' 10 2-5- (x+1) 2 



m'— n' 



3. Divide — by m— n. 

Dividing the numerator by m - n, ^'~^' -5- (w - n) = ^^+^^+^' 
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4. Divide?^' by a+fe. 
a—b 

Multiplying the denominator by a +6, — -^ -=- (a+&) = . - 

If the namerator and denominator of the divisor are 
exactly contained in the numerator and denominator, re- 
spectively, of the dividend, it follows from § 127 that the 
numerator of the quotient may be obtained by dividing 
the numerator of the dividend by the numerator of the 
divisor; and the denominator of the quotient by dividing 
the denominator of the dividend by the denominator of 
the divisor. 



5. Divide ^^pif by ?^±2i^. 



0?'— y2 a?— y 

We have. 9j^^z±f ^Il±M=Sx,:lU. 

x^-y^ x-y x+y 

SX£BCIS£ 53 

Simplify the following: 

4y^n 2m+ok 

12 a^6' , 9 a'b^ t^-t-U . <^-8< + 16 

^' 55 cW ' 22c7d''' ' St ' 6t 

3. i^!:il5^(3:r-4). 6. 2^-5^;- 12 4^-10^-24 
3a?+7 3'i;+2 9i;2_4 

7. i^ivide ^ ^2^^ ^^^^3 y ^ ^2_4 ^^3 ^2* 

a^4-27 . a%-Sab+9b 
a*-|-4 * a2+2a+2 
5<H8<^+3^^ , 3<H7<^+4ii^ 
^* <«+w» ' t+u 

10. 2 r3 • 

4ar+7 3ir-3 

II. Divide 2- ^^^ by 3- i^Zl??. 

4ir+7 -^ 3a;-3 

\f+2 y V <+2 y 



8. 
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COMPLEX FRAonoirs 

13 1 . A Complex Fraction is a fraction having one or more 
fractions in either or both of its terms. 

It is simply a case in division of fractions ; its numerator 
being the dividend, and its denominator the divisor. 

I. Simplify • 

° - ° -<.Xj^(tl30)- "^ 



d d 
It is often advantageous to simplify a complex fraction by 
multiplying its numerator and denominator by the L. C. M. 
of their denominators (§ 115). 

a a_ 

2. Simplify — • 

6 a 



a— 6 o4-6 

The L. C. M. of a+h and a-6 is (a+6)(a-6). / 

Multiplying both terms by (o + 6)(a— 6), we have 

a a 

a—h a+b a(a-\-h)—a(a—b) __ a*+ab—a^+ab _ 2ab 

b J a i,(a+b)+a(a-b) ab + b^+a^-ab o» + 6'' 
a—b a+b 

ISXEBCISE 54 

Simplify the following : 

11 i_?J? a?— y x+y 

, r s lb -^V 



1__1 , 9a^ x^-y x—y 

r s 49 6 X y 

ru c^ 6 c 2a 

2, • 4« • *o» ' i 

1 + 1 1 + 21 i- + J- 

r t^ c • 3 c 2a 
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2a»-3a» «^+/' 

7. . 12. •' 



a-7 eHe/+/' 



4 a*- 9 a «'-/' 

4m'4-8m4-3 4i;^-23i;+6 

^ 2m2-5m+3 t;*-7t;+12 

8. 13 



-2 



4m'-l 3_ 5i;'-72 



6m*-9m t;'+3t?-18 

1 2 



^+3 ,, V xj 

7 3v 

a?+-) +4 



X4-2 a?4-3 
a:'-3a?-10 



a;+2 
10. . 15. 



X x__^ {x-]-y'-)rz){x—y^z) 

a:+3""a?-3 6< + 10t^ 

2 fee 8A'-6feJk-35P 

"• a2 4.fe2_g2 ' ^ • 5fe^-llM+2P ' 

2a6 4fe»-feJfe-14ik2 
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EX1BBCI8E 55 

Simplify the following : 

3a— 26 , o i.\ , a? + l x—\ 

'• , . ^, • (a-2 6). 4. a;+ 



2. 



fl2^4j2 ^ ^^jj 

8c»+27d» ,0 o^x - /^ . a; + l\/rr-r 



„ (2c-3d). 5. r^+^^Y- , 

8c«-27d« ^ ^ V a Aa+6> 

a?*— &* , x^'\-bx 
x^'-2bx+b^ * a?-6 ' 



'■ {"'^H''''-?} '• 



7. From 3 a+T t^k© *"" 



a— c 



& d 



FRACTIONS 103 

8. Find the sum of c — -— and 1 

8a a 

g. Find the sum of 3 a H and 2 a r* 

x—a a-l-o 

Simplify : 

lo. o— 6 -T-' 12. a+6+^^ T^- 

a— 6 a+o 

"• ^+*-^- ''• 0:^+3 :.3_8 ^^24- 

(a4-2c)'-(fe--3)^ 
'^* (2 c+ 3)2- (a -ft/ 

J^ J_ J 1_ 

3a; 2y 2a; 3y 
'^' 9a:2-4j/*'^4a?2-9i/'' 

j5 a?(a?Ha?4-l)-2(a;'4-a? + l) 

a;Ha:Hl 

V a a-3yVo-2 a+Sj 



l+e' + 



«* 



a a 



i8 l-<?^ 

x^—a? ' x^ x—a 

a? —a'+c 
1 1,1 1 

21. - + 



a:— 1 a;— 2 ar— 3 a;--4 
(Combine the first two fractions, then the last two, and add the results.) 

3^3 5n* 5n^ 

22. + 



2n + l 2n-l 8n« + l. 8n»-l 

o 1 3 oH2a 

*^* a+3 a-3 a*-9 a»+9 ' 

(First add the first two fractions, to the result add the third fraction 
and to this result add the last fraction.) 
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3 a , 3 a ^ 6 a* 12 a* 



a+b a-h aH6^ a*+fe* 
1 1^1 



a?2+2x-3 a?2+a?-6 x2-3a?+2 

a;-2 a?+3 , Ax-l 

20. 4" 



2a?2-13a:~45 2a?2+29xt60 a?H3a?-108 

27. Translate into English : 

iiLlf_5cX2a-?^±*. 
2a+6 c 

28. Translate into English : 

(liTl-;)(-'-^> 

29. Translate into English : 

3 m— 1 . o 4 m— 1 
4-- 2—-=^ • 

2a-l 3a-l 

30. Translate into English: 

f3m-l^,V/2_4m-l\ 
V2a-1 ) \ 3a-iy 

31. State algebraically : The sum of 3 a and 6 divided by 
the difference between 3 a and h : Multiply this quotient by 
the fraction whose numerator is the difference between 9 a^ 
and b^ and whose denominator is the sum of 9a^ and b^. 
Reduce your statement. 

X. FRACTIONAL EQUATIONS. RATIO AND PROPORTION 
SOIiUnON OF FBACnONAIi EQUATIONS 

132. If a fraction whose numerator is a polynomial is pre- 
ceded by a — sign, it is convenient, on clearing of fractions, 
to write the numerator in parenthesis, as shown in Ex. 1. 

If this is not done, care must be taken to change the sign of 
each term of the numerator when the denominator is removed. 
This is readily understood if one remembers that the line 
between the numerator and denominator acts as a vinculum. 



FRACTIONAL EQUATIONS 105 

X. Solve the equation ^-ilf^^i+U^. 

The L. C. M. of 4, 5, and 10 is 20. 
Multiplying each tenn by 20, we have 

15 «-5-(16«-20) =80+ 14^+10. 
Whence, 15 «-6- 16^4-20=804- 14 <+ 10. 

Transposing, 15 1-16 t-U «= 80 4-^10 4- 5 -20. 

. Uniting terms, — 15< = 76. 

Dividing by —15, <=— 5. 

Verify the result. 

2. Solve the eqaation — — - =0. 

x—2 ic-+-2 a? —4 

The L. C. M. of x-2, x4-2, and x'-4 is x»-4. 
Multipljring each term by x* — 4, we have 

2(x4-2)-5(a;-2)-2=0. 
Or, 2x4-4-5x4-10-2=0. 

Transposing, and uniting terms, — 3 x= — 12, and x=4. 
Verify the result. 

If the denominators are partly monomial and partly poly- 
nomial, it is often advantageous to clear of fractions at first 
partially; multiplying each term of the equation by the 
L. C. M. of the monomial denominators. 

c, , X 1. i.- 6 5+1 2^-4 2 5-1 

3. Solve the equation — — — - = — - — • 

^15 75-16 5 
Multiplying each term by 15, the L. G. M. of 15 and 5, 

6g4-l- ^^^~^ = 68-3. 
7s-16 

Transposing, and uniting terms, 4 = ^^""^ -. 

Clearing of fractions, 28 s - 64 = 30 a - 60. 

Then, -2 s=4, and «= -2. 

Verify the result. 

EXEBCISE 56 

Solve the following equations, verifying each result : 

'3 5x 15 3 a?' 
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1 . 2 



, X Sx 5x 15 a: 30 

^' X 4x 7 x Sx^ IQS 
5x+15 4ar 



4. 3x— 



6 



5, 4^-11 «,j^ 1 

»-3' 5— '^-^15' 

^ 4t? , 2t;-7 .1 7 V 
o. — = — • 

5 4 12 15 

^ J, 4R+7 . 5fl-h9 3 

3 8 2 

8 3ryi--l 5ryi4-l , 9 8m--5 _^ 

4 m 8 m 40 5 m 

5 1 5(11-3 ^) _ 7-9 ^ 5^^ 

u 21 6u 2u 7u 

xo 5(a:-l) 2(a:4-2) _^ 5 a;- 15 

6 3 4 
^^ 6jjr+4_3jr-4 5^r+8, 

8 2 9 

2t; + l 6t;-4 4v-5 

12. ■ = 

7 9t;+l 14 
8a; + 15 lla;4-15 13 x+29 _ 14 a?+66 

3 5 10 15 ' 

2<+9 t-ll 3a:-l a? + l 



13. 



4<+l 2<-15 18a:-19 6a:-7 

i6. -^- — = 1. (See §103.) 
07—2 a; 

<+5 <-3 3 5-/? 8-/? 

a?— 1 a?— 2 a?— 3 a;— 4 
19. = 

a:— 2 a:— 3 a:— 4 a:— 5 

(Reduce each fraction to a mixed number, then see example 21, Exer- 
cise 55.) 
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2x , 2ar-|-l Sx+2 
20. 1 = — 

X + l X X^'\-X 

21. What number added to twice its reciprocal gives 3? 

22. The sum of ^ of a certain number and \ of its square 
is \. Find the number. 

23. Make two problems similar to 21 and 22. 

113. Solution of Special Forms of Fractional Equations. 

2 or ~^' 1 3? •— ii* 

1. Solve the equation + -— — - =2. 

We divide each numerator by its corresponding denominator; then 

Qearing of fractions, 2 xH8-(2 x»+6 x--12)=0. 

Then, 2 a;»+8-2a;»-5a;+ 12=0; whence, x«4. 

We reject a solution which does not satisfy the given 

equation. 

2. Solve the equation 1 = — — -• 

^ x-S a?-2 x^-5x+^ 

Multiplying both members by (ar— 3) (x— 2), or a;' — 5 35+6, 

x-2+x-3=3x-7. . 
Transposing, and uniting terms, — x= — 2, or x=2. 

If we substitute 2 for x, the fraction becomes - • 

x-2 

Since division by is impossible, the solution x=2 does not satisfy 

the given equation, and we reject it ; the equation has no solution. 

3. Solve the equation f- 



a:+10 x+6 x+8 x+9 
Adding the fractions in each member, we have 

7x+5S ^ 7x4-58 
(x+10)(a; + 6) {x-hS)(x+9)' 

Clearing of fractions, and transposing all terms to the first member, 
(7x+68)(x+8)(a;+9)-(7a;+58)(a; + 10)(x-f6)=0. (1) 

Factoring, (7a;-f 68)[(a;+8)(x+9)-(x+10)(x+6)]=0. 

Expanding, (7x4- 58)(x'+17a;+72-x'-16x-60)==0. 
Or, (7x4-58)(x4-12)=0. 

This equation may be solved by the method of § 103. 

CO 

Placing 7 x4-58=0, we have x = — ^• 
Placing x4- 12 =0, we have x = — 12. 
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134. If we should solve equation (1), in Ex. 3 of § 133, by 
dividing both members by 7 a? + 58, we should have 

(ar+8)(a:+9)-(x-|-10)(a;+6)=0. 
Then, a?H17ar+72-a:'-16a:-60=0, or a;=-12. 

In this way J the solution x=—^ is lost 

It follows from this that it is never allowable to divide 
both members of an equation by any expression which 
involves the unknown numbers, unless the expression 
be placed equal to and the root preserved, for in this 
way solutions are lost. 

BXEBOISE 57 

Solve the following equations : 

4a: + ll 1 1 



X. 



2. 



x^-\-X'-20 a?+5 a?-4 

£+3 X + 4 £+2^g 

x-^2 x+3 x+i 



x-\-9 x+4 x+3 a:+18 
2a?-f3 2aT-3 36 



2ar-3 2a?+3 4x^-9 



=0. 



^* x+7 x^+Sx+r 

^ x^-2x'\-5 x^+3a?-7 _o 
* a;2-2a;-3 x^+3x'\-l 

SOLUTION OF UTEBAIi UNEAB EQUATIONS 

135. A Literal Equation is one iii which some or all of 
the known numbers are represented by letters ; as, 

2a?+a=6H10. 

X x+2b a^+b^ 



Ex, Solve the equation 



2_^2 



x—a x+a x^~a 
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Multiplying each term by x*— a', 

xix+a)-{x+2h){x-a)=a^+b\ 
or, x^ + ax—{x^+2bx—ax — 2ab)=a^+b^, 

or, x^+<ix—x* — 2bx+ax+2ab=a*+b^, 

or, 2ax—2bx=a*—2ab+b*, 

Factoring both members, 2 x(a — 6) = (a — 6) '. 

Dividing by 2(a-6), x=^=^^^. 

2(a— o) 2 

In solving fractional literal equations, we must reject any solution 
which does not satisfy the given equation. Compare Ex. 2, § 133. 

EXEBCISE 58 

z. Find the coefficient of x in 

2. Find the coefficient of t^ in 

a(<-6)(<-6)-6(«-a)(«-a)~3crf(2a-f-0- 

5x—a . 2x+5a « c i £ 

3. H ■ =3. bolve for x. 

2x-\-a 4iX 

4. "1 + r" H — =a+b+c. Solve for v. 
ab be ca 

ct bt cbt 

^ 2m+3 6 4a+5 6 n q i t 

6. ■ — ■ =0. Solve form. 

2m-36 4a-56 

7. '^ , /. + — n = ~^' Solve for w. 

ar—b^ a-\-b a~b 

8. «:i^ + ^ + £Zf=0. Solve for f. 



5 2 3d 



2s+5d Ss-4d 6 s^ +7 ds -20 d^ 

10. = — — - — . bolve for w. 

w—a w—b b^—bw 

II. -i — 21 -I- A i =a+6. Solve for x. 

x—b x—a 



Solve for s. 
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'*• — m f" "7. = — ; :; — v Solve for n. 

v+2n on^v v^—nv—onr 



13. 



14. 



3a? 5ax-'2b ^ a+Sbx ax-\-2a^-ib 

2 4 a 8 6 16a6 * 

2R+3a 3a+4 6 q i r d 

OP Q =1 n' Solve for/?. 

2/t— 3a 3a— 46 



15. —^ 1 = 2h — — -- Solve for x. 

ox ax abx 

RATIO AND FBOFOBTION 
RATIO 

136. The Ratio of one whole or fractional numher^ a, to 
another^ b, i« fAe quotient of a divided by b. Thus, the 

ratio of a to 6 is - ; it is also expressed a : 6. We make no 

6 

attempt to define ratio. When applied to whole or frac- 
tional numbers, ratio is only another name for quotient or 

fraction. When the fraction - is called a ratio, its numer- 

6 

ator a is called the antecedent or first term^ and its denom- 
inator b is called the consequent or second term. 

The ratios here spoken of are but fractions under another 
name, and Jiave all the properties of fractions. 

If a and b are positive numbers, and a>&, - is called a ratio of 



greater inequality; if a <&, it is called a ratio of leas inequality, 

(The signs > and < are read " is greater than " and "is 
less than" respectively.) 

PROPORTION 

137. A Proportion is an equation whose members are 
equal ratios. 

Thus, if ^ and ~- are equal ratios, 
a 

a :h=c : 4, or - = -,» 
b a 

is a proportion. (See example 14, Exercise 58.) 
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138. In the above proportion, a is called the first term^ 
b the secondy c the thirds and d the fourth. 

The first and third terms of a proportion are called the ante- 
cedents^ and the second and fourth terms the consequents. 

The first and fourth terms are called the extremes^ and 
the second and third terms the means. 

139. If the means of a proportion are equal, either mean 
is called the Mean Proportional between the first and last 
terms, and the last term is called the Third Proportional to 
the first and second terms. 

Thus, in the proportion t='-> b is the mean proportional between a 

c 

and c, and c is the third proportional to a and h. 

The Fourth Proportional to three numbers is the fourth 
term of a proportion whose first three terms are the three 
numbers taken in their order. 

Thus, in the proportion - =- » d is the fourth proportional to a, 6, and c. 

140. A Continued Proportion is a series of equal ratios, 
in which each consequent is the same as the next antecedent ; 

*®» a : b=b : c—c : d=d : e 

«« abed 

or -=-=- = -. 

c a e 

The definitions and explanations in §§ 138 and 139 refer to propor- 
tions written in the form ^ . , ^ , , 

a : o^=c : a. 

Because of greater facility in operation, however, we shall use the 

^orm 

a c 

b^d 

tnlvortilN's fbofbbties of fbofobtions 

141. In any proportion, the product of the extremes is 
equal to the product of the means. 

Let the proportion be r = 3 * 

a 

Clearing of fractions, ad^^bc. 
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142. (Converse of § 141.) If the produot of two num- 
bers be equal to the product of two others, one pair may 
be made the extremes, and the other pair the means, of 
a proportion. 

Let ad— be. 

Dividing by M. d=g' «>' f =1 

143. In any proportion, the terms cure in proportion by 
Alternation ; that is, the means ccm be interchanged. 

In § 142, had we divided by cd, the proportion would have been 

a b 

— *^™' — ^ • 

c d 
In like manner, the extremes can be interchanged. 

144. In any proportion, the terms are in prop!ortion 
by Inversion ; that is, the second term is to the first as 
the fourth term is to the third. 

It follows from § 144 that, in any proportion, the means can be written 
as the extremes, and the extremes as the means. 

145. In any proportion, the terms cure in proportion 
by Composition ; that is, the sum of the first two terms is 
to the first term as the sum of the lcu9t two terms is to 
the third term. 

Let the proportion be 7=3. Then ^±^=^±^, 

b a a c 

abo, ^^="-¥- 

a 

146. In any proportion, the terms are in proportion by 
Division; that is, the diflESerence between the first two 
terms is to the first term aa the diflbrence between the 
last two terms is to the third term. 

Let the proportion be ?=-• Then 5Li:^ = ^^, 

b a a c 

also, «ii^ = £z:^. 

' b d 

147. In any proportion, the terms are in proportion 
by Composition and Division ; that is, the sum of the first 
two terms is to their difference 849 the sum of the last 
two terms is to their difference. 

Let the proportion be ^=3 Then 5L!:^=£±^. 

b d a—b c—d 
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148. In any number of proportions, the products of 
the corresponding terms are in proportion. 

Let the proportions be r=3' ^nd ^ = ?- 

o a f 1^ 

Then, «? = ^. 

bf dh 

149. In a series of equal ratios, any antecedent is to 
its consequent as the sum of all the antecedents is to 
the sum of all the consequents. 

Let, a:b=c:d=e:f. 

Then, ^ = ^^-±^ 

b b-\-d+f 

EX£BGISI2 59 

The following problems lead both to integral and fractional equa- 
tions. Always verify results. In verifying results obtained from written 
problems it is sufficient to ascertain if results satisfy the conditions 
stated in the problem. 

X. m is a mean proportional between 2 and 8 ; find m. 

2. 0? is a positive integer. If x be added to both terms of 
the ratio f , what is the effect on the ratio ? If |^ were the 
ratio would the effect be the same ? 

3. In any proportion if the first antecedent and its conse- 
quent be multiplied by m, is the proportion changed? Why? 

4. d is B, fourth proportional to 3, 4, and 12 ; find d. 

5. A can do in 8 days a piece of work which B can per- 
form in 10 days. In how many days can it be done by both 
working together? 

Let X = the number of days required. 

Then, - = the part both can do in one day. 

X 

Also, - = the part A can do in one day, 

o 

and -- = the part B can do in one day. 

10 

By the conditions, - H = - • 

^ 8 10 x 

Clearing of fractions, 5 a; + 4 a: = 40, or 9 a; = 40. 

Whence, a: = 4|, the number of days required. 
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6. A piece of work can be done by A in 7 hours, and by 
B in 6 hours ; in how many hours can the work be done by 
both working together ? 

7. The numerator of a certain fraction is 4 greater than 
the denominator. If 5 be added to both numerator and de- 
nominator, the result is f . Find the fraction. 

(Hint:. Let d = the denominator.) 

8. Given two numbers, 5 and 2. What number must you 
add to each so that the first sum may be ^ of the second 
sum? 

9. A's age is 4 years more than | of B's, and the sum of 
their ages is 44. Find the age of each. 

Write in the form of proportion : 

10. x^+3x+2==a^'-a-12. 

11. a:'— 6a;+9=a'— 9. 

la. 4c'+12c+9=d2-4d-|-4. 

13. a:(a;+3)=y(y-7). 

14. a?(y-3)=y(a;-3). 

15. Solve, using composition and division : 

21-1 ^a-b 
2< + l a+6 

16. Use composition and division, then solve: 

2a;+3 ^ a;4-2 
2a:-4~a:-2 
17* Write this proportion as a simple equation : 

x-4 ^ a+2 

y+2'^ a-^' 

18. The first digit of a number exceeds the second by 3; 

and if the number, increased by 4, be divided by the sum 

of its digits, the quotient is 8. Find the number. 

(Let X = the second digit, the number itself is ten times the first 
digit, plus the second digit.) 

19. A piece of work can be done by A and B working to- 
gether in 10 days. After working together 7 days, A leaves. 
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and 3 finishes the work in 9 days. How long would A alone 

have taken to do the work ? 

x—l 2 

20. Solve this proportion : — rr'^o* 

x+l 3 

21. Simplify, using composition and division: 

g—l _ c— 1 

22. — ) rr= 7* Solve for t 

23. The volumes of two spheres are proportional to the 
cubes of their like dimensions. If a sphere 6 inches in 
diameter weighs 351 ounces, what is the weight of a sphere 
of the same material whose diameter is 10 inches ? 

24. In similar figures in geometry, like lines are propor- 
tional. The sums of the sides of two similar ^^^^^ 
polygons are 119 and 68 respectively. If a ^^^^"^^^ \ , / 
side of the first; polygon is 21, what is the 
corresponding side of the second ? 

25. A garrison of 700 men has provisions for 11 days. 
After 3 days a certain number of men leave, and the provi- 
sions last 10 days after this time. How many men leave ? 

26. The digits of a certain number are three consecutive 
numbers, of which the middle digit is the least, and the last 
digit is the greatest. If the number be divided by the sum 
of the digits the quotient is 36. What is the number ? 

27. If 6 is a mean proportional between a and e, show that 

28. The angles of a triangle ABC are in proportion to 1, 
2, 3. The sum of the angles of a triangle is 180^. How 
many degrees in each angle? See note, Ex. 31. 

29. How many degrees in each angle of the triangle ABC^ 
if angle B is twice angle Ay and angle C is 20^ more than £? 
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30. B can do a piece of work in | as many days as A, and 
C can do it in f as many days as B ; together they can do the 
work in 3^ days. In how many days can each alone do the 
work ? 

31. Two persons, A and B, 63 miles apart, start at the 
same time and travel toward each otheri A travels at the 
rate of 4 miles an hour^ and B at the rate of 3 miles an hour. 
How far will each have travelled when they meet? 

It is often advantageous to represent the unknown number by some 
muUvpiU of a letter. 

Then let 4 x =the number of miles that A travels, 

and 3 z =the number of miles that B travels. 

32. A man started from his home to catch a train at the 
rate of one yard in a second, and arrived 2 minutes late. If 
he had walked at the rate of 4 yards in 3 seconds, he would 
have been Z\ minutes too early. Find the distance to the 
station. 

33. From a point O are drawn four lines forming the 
angles A, B, C, and D. The sum of these 
angles is 360^, and they are in the propor- 
tion of 2, 3, 4, and 6. Find each angle. 

34. Find the mean proportional between 

a?'-a?~12 ^, x^-9x+20 ^ 
a?— 5 a?+3 

35. Use § 147, then solve for m: 

3r7i— 8__2m— 6 
3m+5^2m+7' 

36. The numerator of a fraction exceeds the denominator 
by 5. If the numerator be decreased by 9, and the denomi- 
nator increased by 6, the sum of the resulting fraction and 
the given fraction is 2. Find the fraction. 

37. The areas of two similar pentagons (figures having 
five sides) are proportional to the squares of any two cor- 




RATIO AND PROPORTION 



117 




responding sides. The area of the first pentagon is 240, and 
the side a is 10 ; the area of the second pen- 
tagon is 60. Find the side/. 

38. The width of a field is f its length. 
If the width were increased by 5 feet, and 
the length by 10 feet, the area would be increased by 400 
square feet. Find the dimensions. 

39. A rectangle, OHEF, whose base, GF, is 6, is inscribed 
in an isosceles triangle, ABC, whose altitude, 
ADy is 14, and whose base, BCy is 10. Knowing 

from geometry that — — = — --, BD = DC, and that 
^ ^ DC FC 

GD=DF,&udEF. 

40. .2a:+.001-.03a: = .113a;-.0161. 




B G 



F C 



Transposing, .2 x -.03 x -.113 a: = - .0161- .001. 
Uniting terms , .057 x = -^ .01 71 . 

Dividing by .057, x = - .3. 

41. 7.98 a;-3.75=.23a: + . 125. 

42. 3 < + .052-7.8 < = .04-5.82 1- .0696. 

43. .05i;-L82-.7i;=.008i;-.504. 

44. .73Z)+8.86=.6(2.3Z)-.4). 

45. .07(8 5-5.7) = .8(5 5 + .86) + 1.321. 

*46. The density of a substance is defined as the bumber 
of grams in one cubic centimeter. Hence the total number 
of grams, M, in any body is equal to its density, D, multi- 
plied by its volume, V; or, to state this relation algebraically, 

V being given in cubic centimeters, and D in grams. 

Two blocks, one of iron and one of copper, weigh the same 
number of grams ; the iron has a volume of 10 cubic centi- 
* Note : The metric tables will be found on page 228. 
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ineters and a density of 7.4; the copper has a density of 8.9. 
Find the volume of the copper block. 

47. When 100 grams of alcohol, of density .8, is poured 
into a cylindrical vessel, it is found to fill it to a depth of 
10 centimeters. Find the area of the base of the cylinder in 
square centimeters. 

48. A cylindrical iron bar, 2 centimeters in diameter, has 
a mass of 3 kilograms. Find the length of the bar. 

Let ir=3^. 

49. When a body is weighed under water, it is found to 
be buoyed up by a force equal to the weight of the water 
which it displaces. 

If a boy can exert a lifting force of 120 pounds, how 
heavy a stone can he lift to the surface of a pond, if the 
density of stone is 2.5 and that of water 1 ? 

5a. When a straifi^ht bar is sup- 

^1^ • r J a b c a e 

ported at some point, o, and masses 

mi, 771,, etc., are hung from the bar 

as indicated in the figure, it is dn |-^ -L ija Ji 

found that when the bar is in * ^» rfit * * 

equilibrium, the following relation Fig. 1. 

always holds, 

mj • ao + wi, • &o »m8 • CO +^4 • do + W5 • CO. 

If a teeter board is 10 feet long, where must the support 
be placed in order that a 70-pound boy at one end may bal- 
ance a 60-pound boy on the other end plus a 40-pound boy 
3 feet from the other end ? 

51. A bar 40 inches long is in equilibrium when weights 
of 6 pounds and 9 pounds hang from its two ends. Find the 
position of the support. 

52, If in Fig. l,ao=100, 6o=40, co=30, do=«60, eo=110, 
and if Wi=40, i?i,=60, ms=60, ^4=15, and m5=5, where 
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must a mass of 100 be placed in order to produce equilib- 
rium? 

53. A gas expands ^1^ of its volume at 0° centigrade for 
each degree of rise in its temperature ; i. e., the volume T^, at 
any temperature, t^ is connected with the volume T^, at the 
temperature 0^ centigrade by the equation 

or F. = Fo(l+^SO. 

To what volume will 100 cubic centimeters of air at 0^ ex- 
pand when the temperature rises to 50° centigrade ? 

54. To what volume will 100 cubic centimeters of air at 
50° centigrade contract when the temperature falls to 0^ 
centigrade ? 

55. To what volume will 100 cubic centimeters of air at 
50^ expand when the temperature changes to 75^ ? 

56. When a body in motion collides with a body at rest, 
the momentum of the first body (i. e.^ the product of its 
mass, mi, by its original velocity, Vi^ is found to be in every 
case exactly equal to the total momentum of the two bodies 
after collision (i. e.^ to the product of the mass, m^, of the 
second body times the velocity, V2, which it acquires, plus 
the product of mi by the velocity, v^^ which it retains after 
the collision). The algebraic statement of this relation is 

mi Vi = m^Vg + '^i^s • 
A billiard ball, the mass of which is 50 grams, and which 
was moving at a velocity of 1500 centimeters a second, col- 
lided with another ball at rest which weighed 30 grams. In 
the collision the first ball imparted to the second a velocity 
of 1600 centimeters per second. Find the velocity of the 
first ball after the collision. 
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PBOBLEMS INVOIiVlNG UTEBJLL EQUATIONS 

150. Prob. Divide a into two parts such that m times the 

first shall exceed n times the second by b. 

Let x=one part. 

Then, a—x= the other part. 

By the oonditions, mx = n(a —x) + h. 

mx=an—nx-\-b. 

mx-\-nx=an-\-h^ 

a:(wi+n)=an+6. 

Whence, x = ^^^^^ , the first part. ( 1 ) 

And, a-a;=a-«^+6^am-fan~an-6 

m-\-n in-\-n 

== ^^^^ , the other part. (2) 

7*^ results can be rised as formula for solving any problem of the above 
form. 

Thus, let it be required to divide 25 into two parts such that 4 times 
the first shall exceed 3 times the second by 37. 

Here, a=25, m=4, n=3, and 6=37. 

Substituting these values in (1) and (2), 

the fi«t part ^ 25X3+37 ^75+37^112^^ 

7 7 7 

and the second part = 25X4-37 ^100^^ 63 ^g 

7 7 7 

EXBBCISE 60 

1. Divide a into two parts whose quotient shall be m. 

2. If A can do a piece of work in m hours, and A and B 
together in n hours, in how many hours can B alone do the 
work? 

3. Divide a into two parts such that the sum of one-mth 
the first and one-nth the second shall equal b. 

4. A courier who travels a miles a day is followed by 
another who travels b miles a day. How many days must 
the second start after the first to overtake him after c days ? 

5. Divide a into three parts such that the first shall be 
one-mth the second and one-nth the third. 
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6. The length of a field is m times its width. If the 
length were increased by a feet, and the width by h feet, the 
area would be increased by c square feet. Find the dimen- 
sions of the field. 

7. A courier who travels a miles a day is followed after h 
days by another. How many miles a day must the second 
courier travel to overtake the first after c days ? 

8. If A can do a piece of work in a hours, B in 6 hours, 
C in c hours, and D in (2 hours, how many hours will it take 
to do the work if all work together ? 

XI. SIMULTANEOUS LINEAR EQUATIONS 
CONTAININQ TWO OB MORES UNKNOWN NUMBERS 

151. An equation containing two or more unknown num- 
bers is satisfied by an unlimited number of sets of values of 
these numbers. 

Consider, for example, the equation x-f y=5. 
Putting ic=l, we have l+y=5, or y=4. 
Putting ic=2, we have 2+y=5, or y=3; etc. 
Thus the equation is satisfied by the sets of values 

x = l,y=4, 
and a; =2, y=3; etc. 

An algebraic equation which is satisfied by an unlimited 
number of such sets of values, is called an Indeterminate 
Equation. 

If we agree, as in example 28, Exercise 41, that distances 
measured toward the right from a definite line and upward 
from another definite line shall be positive and that measure- 
ments in the opposite directions be negative, and also that 
the vertical measurements shall be y measurements and the 
' horizontal distances x measurements, a definite picture of 
the equation x+y=5 may be drawn. On squxz7*e ruled paper, 
choose a horizontal and a vertical line, X'X and Y'Y ; these 
lines are called the x-axis and y-axis respectively. 
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When 1 = 1, ^=4, laying off ■ 
0M=1, and MP, =4, we lo- 
cate the point P,. 1 and i ate 
called the codrdinates ot the 
point P,. MP I is the ordinate 
and OM the tAscisaa of the . 
pointPi- Oistheorigin. Tak- 
ing other pairs of values of z 
and y which satisfy *+y=5, 
we may locate the points P„ ■ 
P,, etc., obtained from i=2, 
y=3;i = 3.!/ = 2;i = 4,i, = l; ; 
i=5,3/=0; x=&,y = — \; etc. 
Connect thene points. 

Tbe line thus drawn is called the grah of the given 
equation. Tbe graph of an equation of the first degree in 
X and y (§ 75), is a straight line. Therefore the equation is 
called linear. 

Coordinates are often written thus, (^x, y'), the x coordi- 
nate being written first. 



r. Locate the points (2, 5) ; (3, -2); (-3, 2) ; 
(-5, -1); (2, 7); (-9, 4). 

a. Construct the graph of : x—y=5. 
3. Construct the graph of: 2x+y=8. 
152. Consider the equations 

I x+ y= 5, (1) 

l2ar-|-2y = 10. (2) 

Equation (1) can be made to take the form of (2) by 

multiplying both members by 2; then, every set of values of 

X and y which satisfies one of the equations also satisfies the 

other. Such equations are called Equivalent. 

Again, consider the equations 

li+y-h. (3) 

\x-y-3. (4) 



1 



• \ 



I 



SIMULTANEOUS EQtJATIONS 123 

In this case, it is not true that every set of values of x and 
y which satisfies one of the equations also satisfies the other ; 
thus, equation (3) is satisfied by the set of values a?='3, ^»2, 
which does not satisfy (4). 

If two equations, containing two or more unknown num- 
bers, are not equivalent, they are called Independent. 

153. Consider the equations 

a;-fy=5, (A) 

a;+y=3. (B) 

It is evidently impossible to find a set of values of x and y 
which shall satisfy both (A) and (B). Such equations are 
called Inconsistent. 

154. A system of equations is called Simultaneous when 
each contains two or more unknown numbers, and every 
equation of the system is satisfied by the same set, or sets, 
of values of the unknown numbers ; thus, each equation of 
the system ra:+j/=5, (1) 

ta?-y=3, (2) 

is satisfied by the set of values x=4, ^= 1. 

In § 151, we found that one equation containing two unknown quan- 
tities was indeterminate. Notice that the graphs, Plate I, of a;+y »5 (1) 
and x—y=3 (2) do not have the same direction. If oonstracted on 
the same diagram these lines will cross at some point. Construct the 
graphs on the same diagram, i. e., use the same axes for both equations, 
and you will find that the coordinates of the crossing point are the same 
as the X and y of the set of values in § 154, i. e., ic=4, y=l. The 
coordinates of every point on the graph of equation (1) satisfy equa- 
tion (1), also the coordinates of every point on the graph of equation (2) 
satisfy equation (2), but only at this point (4, 1) do the same coordinates 
satisfy both equations, hence the name aimvManeous equations. In 
solving simultaneous equations we are simply finding the point where 
the graphs intersect. The finding of this point by means of graphs is 
somewhat slow and inaccurate, but algebra offers several methods by 
which the point may be readily found. 

A Solution of a system of simultaneous equations is a set 
of values of the unknown numbers which satisfies every equa- 
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tion of the system ; to 9olve a system of simultaneous equa- 
tions is to find its solutions. 

155. Two independent simultaneous equations of the form 
a>x+by=c may be solved by combining them in such a way 
as to form a single equation containing but one unknown 
number. This operation is called Elimination. 

ELIMINATION B7 ADDITION OB SUBTBACTION 

150. z. Dolve the equations i 

^ I7x+4y= 2. (2) 

Multiplying (1) by 4. 20 x-12 y=76. (3) 

Multiplying (2) by 3, 21a;+12y= 6. (4) 

Adding (3) and (4) , 41 x = 82. (6) 

Whence, x=2. (6) 

Substituting X =2 in (1), 10-3 y= 19. (7) 

Whence, -3 y =9, or y « -3. (8) 

Check this solution by substituting x^2, y= -3 in the given equa- 
tions. 

The above is an example of elimination by addition. 

We speak of adding a system of equations when we mean placing the 
sum of the fiist members equal to the sum of the second members. 

Abbreviations of this kind are frequent in Algebra ; thus we speak of 

mtiUiplying an equation when we mean multiplying each term of both 

of its members. 

c 1 ^1. ^- f 15a?+8tf=l. (1) 

2. Solve the equations { 

^ ll0a:-7y=-24. (2) 

Multiplying (1) by 2, 30 x+ 16 y = 2. (3) 

Multiplying (2) by 3, 30x-21y=:- 72 . (4) 

Subtracting (4) from (3), 37 y= 74, and y =2. 

Substituting y =2 in (1), 15 x+ 16=1. 

Whence, 16x=— 15, and x= — 1. 

The above is an example of elimination by mbtraction. 

From the above examples, we have the following rule : 

If necessary, multiply the given equations by such 
numbers as will make the coefficients of one of the un- 
known numbers in the resulting equations of equal ab- 
solute value. 
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Add or subtract the resulting equations according as 
the coefficients of equal absolute Value are of unlike or 
like sign. 

If the coefficients which are to be made of equal absolute value are 
prime to each other, each may be used as the multiplier for the other 
equation; but if they are not prime to each other, such multipliers 
should be used as will produce their lowest common multiple. 

Thus, in Ex. 1, to make the coefficients of y of equal absolute value, 
we multiply (1) by 4 and (2) by 3 ; but in Ex. 2, to make the coefficients 
of X of equal absolute value, since the L. C. M. of 10 and 15 is 30, we 
multiply (1) by 2 and (2) by 3. 

BXJBBGISB 62 

Solve by the method of addition or subtraction ; verify 
each result : 

r6a?+5y=28. rila:-15y=- 7. 

'* \^x+ y=14. ^' [ 6y-|- 9a:=-23. 

f a?-6y = -21. r3w-2i;==8. 

^' t3a?-8y=-35. ^* I4w+3i;=5. 



1 2 ^-3. = 19. ^ r 

l7<+4w=23. I 



8m+6ife=9. 
12m-9A=8. 



EUMINATION BY StTBSTITnTION 

157. Ex, Solve the equations ] ^ 

^ l8y-6x=-17. 

Transposing ~ 5 a; in (2), 8y=5x— 17. 



(1) 

(2) 



._5x-n 



.Whence, y='i*— it. (3) 

O 

Substituting in (1), 7 a;-9 (^^^) = 15. (4) 

Clearing of fractions, 56a;-9(5 a;-17) = 120. 

Or, 56 a:~45a:+ 153 = 120. 

Uniting terms, 11 a; = —33. 

Whence, x=^ -3. (5) 

Substituting x = - 3 in (3) , y = ""^^""^'^ = - 4. (6) 

Verify the result. 

From the above example, we have the following rule : 



126 ALGEBRA 

From one of the given equations find the value of one 
of the unknown numbers in terms of the other, and sub- 
stitute this value in plaoe of that number in the other 
equation. 

EUMINATION B7 C0MFABI80N 

2a:-5y=~16. (1) 



(2x 
158. Ex. Solve the equations { 

1 3 X 



+7y-5. (2) 

Transposing — 5ym (1), 2a;=5y— 16. 

Whence, ^^ 5y-16 ^g^ 

Transposing 7 y in (2), 3a;=5— 7y. 

Whence, . x=^IlLl^. (4) 

o 

Equating values of x, Sy-ie ^S^^. (5) 

Clearing of fractions, 16 y— 48= 10— 14 y. 

Transposing, 29|/=s58. 

Whence, y=2. (6) 

Substituting y = 2 in (3) , x = ^-^ ^^ = - 3. (7) 

Verify your result. 

From the above example, we have the following rale : 

From eaoh of the given equations, find the value of 
the same unknown number in terms of the other, and 
place these values equal to eaoh other. 

EXXBCISS: 63 

Solve by either substitution or comparison, using the 
method that seems the easier. Verify each result. 

r3i;-5y=-5. fl5<+ 8w=3. 

^* l7v-3y=10. ^' I 6<-12w=5. 

ra:+2y«9. r6z + lly=31. 

^' la?-9y=»7. ^ I 6y-ll a=.74. 

^ I ii^+/=12. l6o-llr=-45. 
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f 12«-11/=19. 
^' ll2/-lle=-27. 


f 8wi-16i;«18. 
^* I12m+ 6v--.ll 


1 9w+6v=-16. 


r5fe+4A=34. 

lO. , 

8A-3 A=35. 


EXEBdSS 64 



Solve the following equations, using any method of elim- 
ination you choose, and verify each result : 

61-7 w^ -12: 
y^6i, I 10<-9i^ = -12. 

15r+ 8««-14. 
12^ = 1. 



* l4x-7y=37. 

nii;+4w=3. 
'* 1 8t;+9w=-10. 



fl5r+ 
M6r+ 



5. 



2^ + 3j? = _Z-. 
3 4 2 

4 5 2' 



If the given equations are not in the fonn ax-¥by^Cy they should 
be reduced to this form before applying any method of elimination. 



6. 



7. 



8^+7/= 12. 
g-h2/ , 2e-\-f. 

4 ■*■ 3 ■" 

^-?=2. 
2 2 

3~2a? 4H-5y _^ 

5 11 



8. 



'^+8=2x«2tZ^. 



3 a? 



>2jr 



3 a: 



=2y~4. 



8--y 2ii+3 _yH-3 
5 4 4 * 

l-f4y u+1 _^ 
11 3 



In solving fractional simultaneous equations, we reject any solution 
which does not satisfy the given equations. 



zo. Solve the equations 



2a:+3y = 13. 

1 +-i--o. 



x-2 y-Z 



(1) 
(2) 
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(3) 



Multipljdng each term of (2) by (a:— 2)(y-3), we have 

y-3-f-a;-2=0, or y= -x-hS. 
Substituting in (1), 2a;-3 x-f-15=13, or x=s2. 
Substituting in (3), y= -2+6=3. 

This solution satisfies the first given equation, but not the second; 
then it must be rejected. 

(3a:-4y=-ll. [a?- 1^11^=: 5. 

2 5 



II. ' 



_x+5 y+1 



=0. 



12. 



11 

9 a?-h5 
2 3 



= -3y. 



13 



-l)(a;~4)-(m-5)(2 2+5)-121. 



f(2m-l)(2~4)- 
* l4m-3a=-29. 



14. 



8 



u—3 v—5 
9 5 



-0. 



=0. 



r.08a?4-.9y=.048. 
' 1.3 a:- .3 



15. 



z6. 



2m-1 3t;+4 

[x-hll ,y-6^ , 
7 5 

2 10 ^• 

d~2n __1. 
3d+n+3 5' 

d-h3n _ 7 
d+4n-7 11' 



18. 



35y=.478. 
2a?-3y 4a?+6y ^ 1 

4 3 2 

5x+2y 7y~3a? _39 

2 5 10' 



19. 



fe+i 



10 



20. • 



3feH-8 ^ 6fe-l 
4-4 2t+3* 
5x-i(3a:-2y+5) = ll. 
i(*-4y)-t(a:-y) = 16. 



21. 



21gf-H 5t;-h2 _ 63^"-130t; 

2 3 21 * 

l££+l_10v-3^2 

3 5 

Certain equations in which the unknown numbers occur in 
the denominators of fractions may be readily solved without 
previously clearing of fractions. 



22. 



X y 

IX y 



(1) 
(2) 



X 


y 





s 


1 


4 


2 


3 


3 


2 


4 


1 


+ 5 





— 1 


6 



-4 

1 -2 

2 

3 2 

4 4 

- 1 -e 

-2 -8 



ir + y=5 (Ali) 
2x-y==4 (CJ» 

Solving the equations for x and j/, 
we liave a;=3, y = 2. Note that these 
values correspond to the x and y coor- 
dinates of the point P. 

In general, in solTiiig two sinmltane- 
ons equations in two unknown qnan- 
dties, the real values found for the 
unkn6wn quantities correspond to the 
intersection points of the graphs of the 
given equations. 
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Multipl3dng (1) by 5, 

Multiplying (2) by 3, 
Adding, 



74 



X y 

X y 
=37, 74=37 a;, and x—2. 



9 9 

Substituting in (1), 5 — =8, ^ - =3, and y= -3. 



23. 



3_3 
X y 
6_3 
X y 



1 
4 



y 



y 



1 

2 



26. 



24. 



as. 



§- ^ = 7 
t w 

U V 



27. 



28. 



f Q 

X 

r 8 

Styi- 5=10. 
A; 

2m + ^ = 4. 



159. In graphical work the drawings are much more effec- 
tive and pleasing if one uses a color scheme similar to that 
in Plate II. Cross-ruled paper and color crayons, for either 
blackboard or paper, can be secured at nominal expense. 

BXIIBCISE 66 

Construct the graphs of the following equations, in each 
case comparing the coordinates of the intersection with your 
algebraic solution : 



la:— v=6. 

I X 



y 

2x+ y=10. 
+2y=4. 
f5x-6y=-9. 
' l3a;-5y=-4. 



f8a;-3y=47. 
*■ l6»-7y=21. 

^\2x-Zy 
I 4 a?— 6y 



a:+2y = 10. 
+4y=30. 
2a:-3y=12. 
24. 
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|3ir-4y-10. ^ (x-y-6. 

' \4x+3y~ 5. ■ U-y-8. 

9. x+y=8. Fiad the areaof the tri&ogle formed by this 
line and the axes. 

^^ i2x- y= 2. ^^ (Zx~ y--9. 

■ Ui-2s=.16. ■ l3a:+2y=-6. 

An interesting application of the graph Ib the construotioa 
of the geometric picture of rehited data : 

13. The enrollment of pupils in the Seattle high school 
for ten years is as follows : 

T«u Ro. o( Pnplli Tau Ho. (tf Pa;^ Taw No. ol PniiUi 

1899 592 1903 1213 1906 2312 

1900 684 1904 1522 1907 2794 

1901 800 1905 1960 1908 3SO0 

1902 947 

Choosing I year for the horizontal unit and 500 for the 
vertical unit, we have the following graph : 







i 1 




































































y 
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— 






























« 




i* 


^ 


S 



Honw-tai 


VerlUal 





692 


1 


684 


2 


800 


3 


947 


4 


1213 


5 


1622 


6 


1960 


7 


2312 


8 


2794 


9 


3500 



Construct the graphs of the following: 

13. The enrollment in the Toledo high school is 



Yoir Ha. of Pupils 



Tnr No. ol PnpUi 

1902 1376 

1903 1414 

1904 1500 



Tmf No. ol Fopil* 

1905 1622 

1906 1791 

1907 1900 
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14* Standing of the Chicago National League Baseball 
Team: 



Year 


Percentage 


Year 


Feroentage 


Year 


Feroentage 


1898 


.667 


1902 


.497 


1905 


.601 


1899 


.507 


1903 


.594 


1906 


.763 


1900 


.474 


1904 


.608 


1907 


.704 


1901 


.381 











15. Enrollment in Cleveland high schools: 

Year No. of Pttpile Year No. of Papila Year No. of PapUs 

1898 3378 1901 3595 1904 4491 

1899 3460 1902 3796 1905 5001 

1900 3589 , 1903 4151 1906 5070 

16. Enrollment in Chicago high schools : 

Year No. of Pupila Year No. of Pupils Year No. of PupiU 

1897 7847 1901 9661 1904 9936 

1898 8432 1902 9627 1905 11208 

1899 8830 1903 9488 1906 12024 

1900 9190 

17- Standing of the Detroit American League Baseball 
Team: 

Year Percentage Year Percentage Year Percentage 

1901 .548 1904 .408 1906 .477 

1902 .385 1905 .516 1907 .613 

1903 .478 

18. Enrollment in New York City high schools : 

Year No. of PapUa Year No. of PupUa Year No. of Pupils 

1899 13731 1902 21461 1905 30340 

1900 17018 1903 23701 1906 31949 

1901 19013 1904 27794 

160. Solution of Literal Simultaneous Equations. — In 
solving literal simultaneous linear equations, the method 
of elimination by addition or subtraction is usually to be 
preferred. 

z;t a 1 XT. ^ {^^ +^ =^- (^) 

Ex. Solve the equations , ,, , ' 

^ \a'x+Vy=(/. (2) 

Multiplying (1 ) by 6', ab'x +66^= b'c. 

Multiplying (2) by 6, a'hx+Wy^hc\ 

Subtracting (a6' — a^h)x = 6'c — hc\ 
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Whence, 

Multipl3dng (1) by a\ 
Multiplying (2) by a, 
Subtracting (3) from (4), 

Whence, 



ab'-a'b 
aa'x-\-a'by^ca\ 

^, c'a—ca' 



(3) 

(4) 



a6'-a'6 

In solving fractional literal simultaneous equations, any 
solution which does not satisfy the given equations must be 
rejected. (Compare Ex. 10, Exercise 64.) 



EXSBdSB 06 



Solve the following: 



"* l4a: 



5 a:— 6y=8a. 
+9y = 7a. 

aa?+6y=l. 






mx —ny =mn, 
m'x'\-n'y=m'n' . 



2aa?— 6y _, 



6. 



8. 



ajar— aiy=6j|. 

m u 

n+y m—x 

m n 



5. 



a 



TTlj 772) 77I3 






3a+2 



bx—ay^h^. 



Ibx-ay- 

l(a— 6)a? 



I aa:+ by=2a. 

o;f(« 

n+a: m-y l(a+3)a: + (a-4)y=7 o. 

ra6(a-6)a?+a6(a+6)y=a'+2 ab-b^ 
laa?+6y=2. 



(a+l)a?+(a-2)y=3a. 



12. 



a b 
a? y 

a: y 

14. 



13 



— 4. A = ?-t^. 
ba; a^ ab 

b a^^b^-a^ 
ax by 



21.3 



a*6 



m(a:+y)+n (a:— y)=2. 
f (a+6)a:+(a-6)y=2(aH6'). 



15. 



a 



a: 



a— 6 y—a-\-b 
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1 6. 



17. 



(a+5)a:+(a-6)y=2 a^-2 6'. 

y X _ 4 o& 
a—h a-\-h a' — 6' 
6a:+ay=2. 
ah{a-\-h)x—ah{a—h)y=a^'\-b^. 



SIMULTANEOUS EQUATIONS CONTAININa MOBE THAN 

TWO UNKNOWN NUMBEB8 

161. If we have three independent simultaneous equations, 
containing three unknown numbers, we may combine any two 
of them by one of the methods of elimination explained in 
§§ 156 to 158, so as to obtain a single equation containing 
only two unknown numbers. 

We may then combine the remaining equation with either 
of the other two, and obtain another equation containing the 
aame two unknown numbers. 

By solving the two equations containing two unknown 
numbers, we may obtain their values; and substituting them 
in either of the given equations, the value of the remaining 
unknown number may be found. 

We proceed in a similar manner when the number of equa- 
tions and of unknown numbers is greater than three. 

The method of elimination by addition or subtraction « is 

usually the most convenient 

In solving fractional simultaneous equations, any solution which does 
not satisfy the given equations must be rejected. (Ex. 10, Exercise 64.) 



I. Solve the equations 

Multiplying (1) by 3, 
Multiplying (2) by 2, 
Subtracting, 

Multiplying (1) by 6, 
Multiplying (3) by 3, 
Subtracting (5) from ^6) 



6a:-4y- 7 2=17. 


(1) 


9x-7y-16z=29. 


(2) 


lOar-Sy- 3z=23. 


(3) 


18a:-12y-21z= 51. 




18x-14y-32«= 58. 




2y+ll2=- 7. 


(4) 


30a;-20y-35«= 85. 


(5) 


Z0x-\6y- 9 2= 69. 


(6) 


5y+26«--l6. 


(7) 
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Multipl3dng (4) by 5, 
Multiplying (7) by 2, 
Subtractiiig, 

Substituting in (7), 
Substituting in (1), 



10 y+hbz 
10y+52z 



-35. 
-32. 



3z=- 3, or z=^-l, 
2y-ll = - 7, or y=2. 
6a;-8+7= 17, or a;=3. 



*i. 



2. 



v» ' 



6. 



7. 



8. 



I* ' 



10. 
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Solve the following : 
4x-3y=- 5. 
4y-3 z = -13. 
.4 2;-3x=18. 

4a:-5y-62=0. 

x— y+ 2 = 1. 

9 a? + 2=8. 

3x+ y- 2 = 14. 
a:+3y- 2=16. 
x+ y-32=-10. 

5f+ A-A=24. 
45f+3fe-A=61. 
65f-5fe-A=ll. 

3x+6y= 5. 
9a:+5 2=55. 
.9y+3 2=-30. 

5m— y+4v=— 5. 

3m+5y+6v=-20. 

t m+3y~8v=-27. 

f2a?-5y=-26. 
7aj+62=-33. 
3 4 



II. 



12. 



13 



. 



2ar+4y- 2=- 2. 
18x-8y+4 2=-25, 
10a:+4y-92 = -30. 
3p+4 5'+5r=10. 
4p-5 5'-3r=25. 
5p-3 5r~4r=21. 

4 w— 11 v—5w^ 9. 

8m+ 4v— 'm; = 11. 

16 u+ 7i;+6ti;=64. 
8a:+4y+ 32=-52. 

5 a:- y + 12 2 = -52. 
.9a:+7y- 62=~36. 
6r- *+3<=42. 
10 r- 5«- <= 2. 
6r-17«+4<=-46. 
2a:+6y+32«-7. 

2y-42=2-3a:. 
5a:+9y=5+7 2. 



14 



X 



y 



§-? = i 



25_^_7_ 
2 3a: 



= 2. 



3/-4 2+2 

* Eliminate y from (1) and (2) you then have two equations in x and 
z; or add the three given equations. 
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15 



_2_ 
3 X 

O Z X 



+1 

y 

z 



10 



7_ 
30 

12' 



16. 



aa?+6y = 
6y+cz = 



cz + ax^ 



abc 
abc 



PBOBIiXMS INVOLVINa SIMULTANEOUS EQUATIONS WITH 
TWO OB MOBE UNKNOWN NUMBEBS 

162. In solving problems where two or more letters are 
used to represent unknown numbers, we must obtain from 
the conditions of the problem as many independent equations 
(§ 152) as there are unknown numbers to be determined. 

1. Divide 81 into two parts such that three-fifths the 
greater shall exceed five-ninths the less by 7. 

Let x »the greater part, 

and y= the less. 

By the conditions, a; -f-y=81, (1) 

^=^ + 7. (2) 

6 9 

a;=45, y=36. 

2. If 3 be added to both numerator and denominator of a 
fraction, its value is ^; and if 2 be subtracted from both 
numerator and denominator, its value is | ; find the fraction. 



and 
Solving (1) and (2), 



Let 
and 



By the conditions, 



and 



n=3the numerator, 
d=the denominator. 
n+3_2 
""3' 
1 
2 



d+3 
n-2 



d-2 



Solving these equations, n=7, d=12; then, the fraction is — • 

3. A sum of money was divided equally between a certain 
number of persons. Had there been 3 more, each would have 
received $1 less ; had there been 6 fewer, each would have 
received $5 more. How many persons were there, and how 
much did each receive ? 
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Let X =sthe number of persons, 

and 1/ sthe number of dollars received by each. 

Then, xy =the number of dollars divided. 

Since the sum of money could be divided between x+3 persons, each 
of whom would receive y—l dollars, and between x— 6 persons, each of 
whom would receive y+5 dollars, (a;+3)(y— 1) aod (x— 6)(y+5) also 
represent the number of dollars divided. 

Then, (x+3)(y- l)=xy, 

and (x-6)(y-f-6)«xy. 

Solving these equations, x = 12, j^ » 5. 

4. The sum of the three digits of a number is 13. If the 
number, decreased by 8, be divided by the sum of its second 
and third digits, the quotient is 25 ; and if 99 be added to 
the number, the digits will be inverted. Find the number. 

. Let x^the first digit, 

l/=the second, 
and 2= the third. 

Then, 100 x+ 10 y+2«the number, 

and 100 « + 10 y -f- x = the number with its digits inverted. 

By the conditions of the problem, 

x+y+z^l3, 
100a;+10y-f2-8 _og 

y+« 
and 100x-f-10y+2-f-99=100«4-10y+x. 

Solving these equations, a;=2, 2/=8, 2=3; and the number is 283. 

5. A crew can row 10 miles in 50 minutes down stream, 
and 12 miles in 1^ hours against the stream. Find the rate in 
miles per hour of the current, and of the crew in still water. 

Let x= number of miles an hour of the crew in still water, 

and y as number of miles an hour of the current. 

Then, a: 4- 2/= number of miles an hour of the crew down stream, 
and X— 2/= number of miles an hour of the crew up stream. 

The number of miles an hour rowed by the crew is equal to the dis- 
tance in miles divided by the time in hours. 

Then, x+2/-10-f--=12, 

6 

and x-y=12-J--=8. 

Solving these equations, x= 10, y=2. 
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6. A train ranning from A to B meets with an accident 
which causes its speed to be reduced to one-third of what it 
was before, and it is in consequence 5 hours late. If the acci- 
dent had happened 60 miles nearer B, the train would have 
been only 1 hour late. Find the rate of the train before the 
accident, and the distance to B from the point of detention. 

Let Sx= the number of miles an hour of the train before the accident. 

Then, x=the number of miles an hour after the accident. 

Let 2/= the number of miles to B from the point of detention. 

The train would have done the last y miles of its journey in ^ hours; 

y 

but owing to the accident, it does the distance in - hours. 

Then, ! = ^ + 5- (1) 

X 6x 

If the accident had occurred 60 miles nearer B, the distance to B from 
the point of detention would have been y— 60 miles. ^ 

Had there been no accident, the train would have done this in ^^ — 

hours, and the accident would have made the time — - — hours. 
Then, ILieO^j^^j 

X Zx 

Subtracting (2) from (1), ^ = |5 +4, or ^=4; whence, a; = 10. 

X S X X 

Then, the rate of the train before the accident was 30 miles an hour. 
Substituting in (1), ^~s6 '^^* ^^ lE"^^'* whence, y=75. 

SXEBCISE 68 

1. If the numerator of a fraction be decreased by 1, the 
value of the fraction is ^, while if 7 be added to both numer- 
ator and denominator, the value of the fraction is \^ ; find 
the fraction. 

2. The sum of two numbers is 7. The ratio of their pro- 
duct to the product of three times the first number and the 
second increased by 2 is ^. What are the numbers ? 

3. The sum of the two digits of a number is 14; and if 36 
be added to the number, the digits will be inverted. Find 
the number. 
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4. Nine shares of N. Y. Central stock and 7 shares of 
Illinois Central stock cost $1702, and 5 shares of I. C. 
cost f35 more than 6 shares of N. Y. C. Find the cost of 
one share of each. 

5* Find two numbers such that the ratio of the first num- 
ber to itself increased by 3 is equal to the ratio of the second 
number to itself increased by ^; and the sum of the two 
numbers is to twice their difference as 7 is to 4. 

6. If 3 be added to the numerator of a fraction, and 7 
subtracted from the denominator, its value is ^ ; and if 1 be 
subtracted from the numerator, and 7 added to the denomi- 
nator, its value is f . Find the fraction. 

7. Find two numbers such that one shall be n times as 
much greater than a as the other is less than a ; and the 
quotient of their sum by their difference equal to. 6. 

8. A wheat field is 80 rods longer than it is wide, and the 
distance around the field is 1^ miles. Find the length and 
bveadth. 

9. In plowing the long way of the above field, a farmer finds 
he can turn 33 twelve-inch furrows a day. At $3.50 per day 
for a man and team, what is the cost of plowing per acre ? 

10. C*s age is three times the sum of A's and B's. Three 
times W9 age added to A's is 12 years less than C's, and if 
8 years be subtracted from C's age and this difference be 
divided by B's age, the quotient will be 4. Find their ages. 

iz. A rectangular mirror is 6 inches longer than it is 
wide. It is surrounded by a frame 3 inches wide, whose 
area is 216 square inches. How much wall space will the 
mirror and frame occupy ? 

12. A man had $3000 in a savings bank which paid him 
3 % interest. He drew out a part of his money and invested 
it in municipal bonds which paid him 5 %, His annual 
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income from the entire sam was then $126. Find the amount 
left in the savings account. 

13. If we consider y=kx b. proportion, what is the ratio 
of ^ to X ? Give k some definite value and make the graph 
of the equation. If perpendiculars are dropped from the 
graph to the x-axis, triangles are formed by the perpendicu- 
lars, the graph, and the x-axis. Are the triangles alike in 
form ? Is the ratio of the altitude to the base the same ia 
each ? If A; is given a different value from the one chosen, 
what effect does this have on the graph and on the triangles ? 

14. A rectangular field has the same area as another 
which is 6 rods longer and 2 rods narrower, and also the 
same area as a third which is 3 rods shorter and 2 rods 
wider. Find its dimensions. 

15. Find three numbers such that the first with one-half 
the second and one-third the third shall equal 29; the second 
with one-third the first and one-fourth the third shall equal 
28 ; and the third with one-half the first and one-third the 
second shall equal 36. 

16. The circnmference of the large wheel of a carriage 
is 55 inches more than that of the small wheel. The former 
makes as many revolutions in going 250 feet as the latter 
does in going 140 feet. Find the number of inches in the 
circumference of each wheel. 

17. A man having $4500 in a savings bank which paid 
him 3 % interest withdrew the money, investing a part in 
Rock Island 5 % bonds for which he paid $80 (par value 
100) ; with the balance he purchased Pennsylvania Railway 
5 % bonds at par. His annual income from these invest- 
ments was $255. Find the amount invested in Rock Island 
bonds, and their face value. 

18. A number consists of two digits. If the first digit be 
divided by one less than the second digit, the quotient is 3. 
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If the first digit, increased by 3, be divided by the second 
digit the quotient is 3 ; find the number. State your prob- 
lem, then compare § 152. 

19. The sum of the length, breadth, and height of a rect- 
angular parallelepiped is 20. The dif- 
ference between the length and height is 
f the sum of the height and breadth, and 
three times the breadth added to the height 



/ 



/- 



is 8 more than the length ; find the dimensions. 

20. If the digits of a number of three figures be inverted, 
the sum of the number thus formed and the original num- 
,ber is 1615 ; the sum of the digits is 20, and if 99 be added 
to the number, the digits will be inverted. Find the number. 

21. A train left A for B, 112 miles distant, at 9 a. m., and 
one hour later a train left B for A ; they met at 12 noon. 
If the second train had started at 9 a. m., and the first at 
9.50 A. M., they would also have met at noon. Find their rates. 

22. A boy has $1.50 with which he wishes to buy two 
kinds of note-books. If he asks for 14 of the first kind, and 
11 of the second, he will require 6 cents more; and if he 
asks for 11 of the first kind, and 14 of the second, he will 
have 6 cents over. How much does each kind cost ? 

23. The difference between the length and breadth of 
a rectangle is 6. If the length were diminished by 3 feet 
and the breadth increased by 3 feet, the area would be in- 
creased by 9 square feet and the figure would be a square ; 
find the dimensions. 

Have you more conditions than you need? Are your conditions inde- 
pendent? (Compare § 83.) 

24. A number consisting of two digits is such that if the 
digits be inverted the number formed is 27 less than the 
original number. The product of the digits is to their differ- 
ence as the second digit is to f ; find the number. 
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25. A man invests ' $10,000, part at ^\%, and the rest at 
3^%. He finds that six years' interest on the first invest- 
ment exceeds five years' interest on the second by $658. 
How much does he invest at each rate ? 

26. A man buys apples, some at 2 for 3 cents, and others 
at 3 for 2 cents, spending in all 80 cents. If he had bought 
I as many of the first kind, and f as many of the second, he 
would have spent 99 cents. How many of each kind did he 
buy? 

27. An annual income of $800 is obtained in part from 
money invested at 3|^, and in part from money invested at 
S%. If the amount invested at the first rate were invested 
at 3%, and the amount invested at the second rate were in- 
vested at 3^%, the annual income would be $825. How much 
is invested at each rate ? 

28. The contents of one barrel is | wine, and of another | 
wine. How many gallons must be taken from each to fill a 
barrel whose capacity is 24 gallons, so that the mixture may 
be 1^ wine ? 

29. A boy spends his money for oranges. Had he bought 
m more, each would have cost a cents less ; if n fewer, each 
would have cost b cents more. How many did he buy, and 
at what price ? 

30. A vessel contains a mixture of wine and water. If 50 
gallons of wine are added, there is ^ as much wine as water; 
if 50 gallons of water are added, there is 4 times as much 
water as wine. Find the number of gallons of wine and water 
at first. 

31. A man buys 15 bottles of sherry, and 20 bottles of 
claret, for $38. If the sherry had cost f as much, and the 
claret | as much, the wine would have cost $38.50. Find the 
cost per bottle of the sherry, and of the claret. 

32. If a field were made a feet longer, and b feet wider, its 
area would be increased by m square feet ; but if its length 
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were made c feet less, and its width d feet less, its area would 
be decreased by n square feet. Find its dimensions. 

33. If the numerator of a fraction be increased by a, and 

the denominator by 6, the value of the fraction is — ; and if 

n 

the numerator be decreased by c, and the denominator by d^ 

the value of the fraction is — . Find the numerator and de- 
nominator. 

34. A certain number equals 59 times the sum of its three 
digits. The sum of the digits exceeds twice the ten's digit by 
3; and the sum of the hundred's and ten's digits exceeds 
twice the unit's digit by 6. Find the number. 

35. A piece of work can be done by A and B in 4| hours, 
by B and C in 2| hours, and by A and C in 3 hours. In how 
many hours can each alone do the work? 

36. The numerator of a fraction has the same two digits 
as the denominator, but in reversed order; the denominator 
exceeds the nimierator by 9, and if 1 be added to the numer- 
ator the value of the fraction is |. Find the fraction. 

37. A man walks from one place to another in 5| hours. 
If he had walked J of a mile an hour faster, the walk would 
have taken 36§ fewer minutes. How many miles did he walk, 
and at what rate ? 

38. A man invests a certain sum of money at a certain 
rate of interest. If the principal had been $1200 greater, and 
the rate \% greater, his income would have been increased 
by $118. If the principal had been $3200 greater, and the 
rate 2% greater, his income would have been increased by 
$312. What sum did he invest, and at what rate ? 

39. A crew row 16^ miles up stream and 18 miles down 
stream in 9 hours. They then row 21 miles up stream and 
19^ miles down stream in 11 hours. Find the rate in miles 
an hour of the stream, and of the crew in still water. 
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40. A man buys a certain number, of $100 railway shares, 
when at a certain rate per cent discount, for $1050 ; and when 
at a rate per cent premium twice as great, sells one-half of 
them for $1200. How many shares did he buy, and at what 
cost? 

163. Interpretation of Solutions. 

1. The length of a field is 10 rods, and its breadth 8 rods ; 
how many rods must be added to the breadth so that the area 
may be 60 square rods ? 

Let r^ss number of rods to be added. 

By the conditions, 10(8 + a;) = 60. 

Then, 80+10 a;=60, or a:= -2. 

This signifies that 2 rods must be subtracted from the breadth in order 
that the area may be 60 square rods. (Compare § 11.) 
If we should modify the problem so as to read : 

''The length of a field is 10 rods, and its breadth 8 rods; how many 
rods must be subtracted from the breadth so that the area may be 60 
square rods? " 

and let x denote the number of rods to be subtracted, we should find 
a:=2. 

A negative result sometimes indicates that the problem is 
impossible. It sometimes indicates that measurement is taken 
in an opposite direction (Ex. 28, Exercise 41). 

2. If 11 times the number of persons in a certain house, 
increased by 18, be divided by 4, the result equals twice the 
number increased by 3 ; find the number. 

Let X = the number. 

By the conditions, ^^x+lS = 2 x + 3. 

Whence, 11 a;+18=8a:4-12, and a; = -2. 

The negative result shows that the problem is impossible. 

A problem may also be impossible when the solution is 
fractional. 
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XII. INVOLUTION AND EVOLUTION 

164. Involution is the process of raising an expression to 
any power whose exponent is a positive integer. 

We gave in § 88 a rule for raising a monomial to any 
power whose exponent is a positive integer. 

165. If an expression when raised to the nth power, n 
being a positive integer, is equal to another expression, the 
first expression is said to be the nth Root of the second. 

Thus, if a"=i, a is the wth root of 6 ; 

if 5^=25, 5 is the square root of 25. 

Evolution is the process of finding any required root of 
an expression. 

166. The Radical Sign, \/, when written before an ex- 
pression, indicates some root of the expression. 

Thus, \/a indicates the second^ or square root of a ; 
\/a indicates the thirds or cvhe root of a ; 
Va indicates t\xQ fourth root of a ; and so on. 

The Index of a root is the number written over the radical 
sign to indicate what root of the expression is taken. 

If no index is expressed, the index 2 is understood. 

An even root is one whose index is an even number ; an 
odd root is one whose index is an odd number. 

167. A Power of a Fraction. 

VVe have, (- =•- X- X7 = ; — ; — r=7^; 

\bj b b b 6x6x6 6^ 

and a similar residt holds for any positive integral power 

Then, a fraction may be raised to any power whose 
exponent is a positive integer by raising both numer- 
ator and denominator to the required power. 
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„ / 2xy /2a;V.».QV (2 x*)^ 32 x"> ,e qq, 
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Find the values of the following : 



^ 6 a^by ( 3 a'xy ( 2mV y 



I. 



2. 






8p* 

168. A Root of a Monomial. To find any root of a mo- 
nomial which is a perfect power of the same degree as the 
index of the required root. 

1. Required the cube root of a^b^c^. 
We have, jc ^^c'y = a»6»c«. 
Then, by § 165, i^oW ^ab^c^. 

2. Required the fifth root of ~32a^. 
We have, (-2a)» = - 32 a*. 
Whence, '^- 32 a» = - 2 o. 

Similarly, to extract a root of any monomial : 

Extract the required root of the absolute value of the 
numerical coefficient, and divide the exponent of each 
letter by the index of the required root. 

Give to every even root of a positive term the sign 
± , ai^d to every odd root of any term the sigrn of the 
term itself. 

The sign ±, called the double sign^ is prefixed to an ex- 
pression when we wish to indicate that it is either + or — . 

I. Find the square root of 9a*6V®. 

By the rule, \/9aW» = ±3 a^h^c^. 

It follows from §§ 167, 168, that, to find any root of a 
fraction, each of whose terms is a perfect power of the same 
degree as the index of the required root, extract the required 
root of both numerator and denominator. 
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■ ^ 64 c» ^SITS 4 c» ' 



^64 

The root of a large number may sometimes be found by 
resolving it into its prime factors. 

3. Find the square root of 254016. 

We have, ^254016= V2«X3*X7'= ±2»X3'X7=« ±504. 

4. Find the value of ^72x75x135. 



-5/72 X75 X 135 = i/ (2»X3»)X (3 X5») X (3» X5) 

= 'i/2»X3«X5»=2X3'X5=90. 



EXSBGISE 70 

Find the values of the following: 

I. \/36 xy. 6. -^^sTn^vy. 

2. i/64 a"6»c«. 

3. "^-xyv. 



12. ^ 



m 



20 



256 w« 



/64a:y^ 



49 z^ 



^•^' 125lb^' 
17. V25 . 36 • 196. 



7. V12I a'^b^^c\ 

e/ a^^^ 

8. -e/-216a:V2". 13. \7296^- 

9. ^128 m'*n^K 

10. -?^-343ic*»+y~. 

11. ^625 a^'^^fr*". 



14. V2916. 

15. V30625. 

16. V86436. 



18. '?/27 . 64 . 8. 

19. V250 . 32 . 45. 



20. i/4: a6 . 144 b^c • 24 a^^c'. 

21. ^252 a» . 245 d' • 150 c». 

22. ^59049. 



23. </n2 . 168 • 252. 



24. V(a2_5a-f-6)(aH2a-8)(aHa-12). 

25. V(2 aH7 a- 15)(8 aH2 a-21)(4 aH27 a+35). 

169. It may be proved that <^J^=<^=^ar'=^(</^. 

Ex. Required the value of ^(32a^«)*. 

We have, ^(32 a")* = (</32a*«)* = (2 a')* = 16 a\ 
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This method of finding the root is shorter than raising 
32 a^® to the fourth power, and then taking the fifth root of 
the result. 

EXSBCISS 71 

Find the values of the following: 

2. V(4 m'y. ,, ^ 27 yV 

e V ('64 m^^n^)^ /-= 

3. ^(16 xY^Y' 7. V(a«-2a64-6')'. 

170. Square of a Polynomial. — We find by actual mul- 
tiplication: a +6+C 

a -f 6-f c 
a'+ a6-f ac 
-f- ab -ffe'-f 6c 

-V ac + 6c+c^ 

aH2 a6+2 ac+6H2 ftc+c^ 

Th^ result, for convenience of enunciation, may be written: 

(a-f 64-c)'=aH6Hc'+2 oft-f 2 oc-f 2 6c. 

In like manner we find : 

(a-f6+c4-d).'=aH62-fcHd' 

-f-2 a6-f-2 ac+2 ad+2 6c+2 6d+2 cd; 
and so on. 

We then have the following rule : 

The square of a polynomial is equal to the sum of the 
squares of its terms, together with twice the product of 
ea,oh term by eaoh of the following terms. 

Ex. Expand (2 a;^ - 3 x - 5)^ 

The squares of the terms are 4 a;*, 9 a;*, and 25. 

Twice the product of the first term by each of the following terms 
gives the results — 12 x* and —20 x^. 

Twice the product of the second term by the following term gives the 
result 30 x. 

Then, (2 a:»-3 x-5)»=4 x*+9 x* + 25-12 a:»-20 a;»+30 x 

=4 x^- 12 «»- 11 x»+30 x+25. 
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SXEBCISE 72 

Square each of the following : 

1. a-f6+c. 6. 3x^—2 x—l, 

2. Sa-X'\-2y, 7. 2a:2+a:-5. 

3. r-\-2s-3L 8. 4m^-Am^l. 

4. a-\-d+3d\ 9. a^+2ab+b\ 

5. 2 c—5a+m, 10. a'+o^— 2 a— 2, 

171. Square Root of a Polynomial by Inspection. — In § 91 , 
we showed how to find the square root of a trinomial perfect 
square. 

The square roots of certain polynomials of the form 

a^-\-b^-\-c^-\-2 a6-f-2 ac+2 be 

can be found by inspection. 

Ex. Find the square root of 

9x^+y^+i z^-\-6 xy— 12 xz— 4 yz. 

We can write the expression as follows : 

(3 xy+y^+i-2 2)»+2(3 x)y+2(3 x)(-2 «) + 2 y(~2 2). 

By § 170, this is the square of Sx+y+{—2 z). 

Then, the square root of the expression is3x+y—2z. 

(The result could also have been obtained in the fonn 2 z—y—3 x.) 

1£SEBCISE 73 

Find the square roots of the following : 

1. a^+b^+c^-2 ab-2 ac+2bc, 

2. x^-\-i y^+9+4 xy+6 x + 12 y. 

3. l-f25mH36n2-10m-fl2n-60mn. 

4. a2-f8162-f-i6-f-18a6-8a-72 6. 

5. 9 x^-^-y^ +25 z^-6 xy-SO xz + lO yz. 

6. 36m^+6in^'\-x^'\-9&mn-l2mx-16nx, 

7. 16 a*-f 9 &H81 c*-f 24 0^6^72 aV-f-54 bV. 

8. 25 a;«-f-49 2/^^+36 z«~70 a?y +60 a:«z^-84 y^z*. 
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172. Square Root of a Polynomial Perfect Square, general 
method. 

By § 170, (a+6+c)'=a2-f-2 ab+b^-\-2 ac+2 bc+c^ 

=a2 + (2 a+6)6-f (2 a+2 b+c)c. (1) 
Then, if the square of a trinomial be arranged in order of 
powers of some letter : 

I. The square root of the first term gives the first term of 
the root, a. 

II. If from (1) we subtract a^, we have 

(2a+6)fe+(2a+2 6-fc)c. (2) 

The first term of this, when expanded, is 2 a& ; if this be 
divided by twice the first term of the root, 2 a, we have the 
next term of the root, b. 

III. If from (2) we subtract (2a+&)&, we have 

(2a+2 6-fc)c. (3) 

The first term of this, when expanded, is 2 oc; if this be 
divided by twice the first term of the root, 2 a, we have the 
last term of the root, c. 

IV. If from (3) we subtract (2a+2&-f c)c, there is no re- 
mainder. 

Similar considerations hold with respect to the square of 
a polynomial of any number of terms. 

173. The principles of § 172 may be used to find the 
square root of a polynomial perfect square of any number of 
terms. Let it be required to find* the square root of 

4 a:*+12 x^-7 a?'-24 a? + 16. 
4a:*+12x'- 7a?^~24a? + 16 | 2xH3a;-4 



2a+6=4a?2+3a: 

3a; 



12 x^- 7 x^-24: x + ie, 1st Rem. 
12a;'+ 9a?2 



2 a+2 6+^=4 x^+e x-A 

-4 



-16 2?=^- 24 a; + 16, 2d Rem. 
-16 ar^- 24 a; + 16 
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The first term of the root is the square root of 4 x*^ or 2 x^. 

Subtracting the square of 2 a;', 4 x*, from the given expression, the 
first remainder is 12 x' — 7 x*— 24 a;+16. 

Dividing the first term of this by twice the first term of the root, 4 x*, 
we have the next term of the root, 3 x (§ 172, II). 

Adding this to 4 x' gives 4 x'+ 3 x; multiplying the result by 3 x, and 
subtracting the product, 12 x'+9 x*, from the first remainder, gives the 
second remainder, —16 x'— 24 x+16. 

Dividing the first term of this by twice the first term of the root, 4 x', 
we have the last term of the root, — 4 (§ 172, III). 

If from the second remainder we subtract (4x* + 6x— 4)(— 4), or 
— 16 X*— 24 x+16, there is no remainder; then, 2x'+3x— 4 is the 
required root (§ 172, IV). 

The expressions 4x' and 4x'+6x are called tnoMiviaora, and 
4 x*+3 X and 4 x' + 6 x— 4 complete divisors. 

We then have the following rule for extracting the square 
root of a polynomial perfect square : 

Arrangre the exproBsion according to the powers of 
some letter. 

Bztract the square root of the first term, write the re- 
sult as the first term of the root, and subtract its square 
fjrom the given expression, arranging the remainder in 
the same order of powers as the given expression. 

Divide the first term of the remainder by twice the 
first term of the root, and add the quotient to the part 
of the root already found, and also to the trial-divisor. 

Multiply the complete divisor by the term of the root 
last obtained, and subtract the product from the re- 
mainder. 

If other terms remain, proceed as before, doubling the 
part of the root already found for the next trial-divisor. 

174. Examples. 

I. Find the square root of 9 a;*-f 30 aV-\-25 a®. 

9x*+30aV + 25a« | 3xH5a» 
9x* 



6x*+5a» 



S.-2 



30a»x 
30aV+25a« 



It is usual, in practice, to omit those terms, after the first, in each 
remainder, which are merely repetitions of the terms in the given expres- 
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sion; thus, in the first remainder of Ex. 1, we leave out the term 25 a*. 
It is also usual to leave out of the written work the multiplier of the 
complete divisor. 

2. Find the square root of 

20 a?'-22 a?HH-28 x^+9 a?«~8 x- 12 x\ 
Arranging according to the descending powers of x, we have 

9a;«-12x*+28x*-22a:H20a;«-8x+l \3x^-2x^+4x-l 

9x^ 



6x^-2x^ 



-12x* 

-12x5+ 4 a;* 



Qx^-4x^+4x 



24 X* 

24ar<-16a;' + 16a;2 



6x^-4x^+Sx-l 



- 6x»+ 4x* 

~ 6x^+ 4x«-8a;4-l 



It will be observed that ectch trial-divisor is equal to the 
preceding complete divisor with its last term doubled. 

If, in Ex. 2, we had written the expression 

1 -8 a:+20 a;*-22 a;'» + 28 x*-12 x^+9 x*, 
the square root would have been obtained in the form 1 — 4 a:+2 x*— 3 aJ^ 
which is the negative of 3 x'— 2 x'+4 x— 1. 

EXEBCISE 74 

Find the square roots of : 

1. a:*-f4a:3+6a:2-f4ar-fl. 

2. 4a*-4aH17a^--8a + 16. 

3. 25ir*-30a?«~a:H6a;-fl. 

4. 9a:*+24a;H28a:'-fl6ic-f-4. 

5. 36n«-fl2n*-60w'+n2-10n+25. 

6. a*-8a'fe-f-22a262-24a6'+9 6*. 

7. 4 x* + 12 x^y + 13 xY-^6 ^^-^y^' 

8. a:«+12xH36a;*-14ir«-84a;2-f49. 

9. 16a«-40a«a;Ha*:r«-f30aV+9a;". 

10. x^-2 x^-x*+& x^-3 x^-i x+4. 

11. 4a«~20aH41 a^-52 o»+46 0^-24 a+9. 
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175. Square Root of Arithmetical Numbers. — The square 
root of 100 is 10; of 10000 is 100; etc. 

Hence, the square root of a number between 1 and 100 is 
between 1 and 10 ; the square root of a number between 100 
and 10000 is between 10 and 100 ; etc. 

That is, the integral part of the square root of an integer 
of one or two digits, contains one digit ; of an integer of three 
or four digits, contains two digits ; and so on. 

Hence, if a point be placed over every second digit of 
an integer, beginning at the units' place, the number of 
points shows the number of digits in the integral part 
of its square root. 

1 76. Square Root of any Integral Perfect Square. 

The square root of an integral perfect square may be found 
in the same way as the square root of a polynomial. 
Required the square root of 106929. 



106929 
a2= 90000 



300+20+7 
=a-|-6-|-c 



2a+b= 600+20 

20 



16929 
12400 



2a+2 6+c=600+40+7 

7 



U529 
4529 



Pointing the number in accordance with the rule of § 175, we find 
that there are three digits in its square root. 

Let a represent the hundreds' digit of the root, with two ciphers 
annexed ; b the tens' digit, with one cipher annexed ; and c the units' 
digit. 

Then, a must be the greatest multiple of 100 whose square is less than 
106929; this we find to be 300. 

Subtracting a', or 90000, from the given number, the result is 16929. 

Dividing this remainder by 2 a, or 600, we have the quotient 28+ ; 
which suggests that h equals 20. 

Adding this to 2 a, or 600, and multiplying the result by b, or 20, we 
have 12400; which, subtracted from 16929, leaves 4529. 
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Since this remainder equals (2 a+2 6 + c)c (§ 172, III), we can get c 
approximately by dividing it by 2 a+ 2 6, or 600+40. 

Dividing 4529 by 640, we have the quotient 7 + ; which suggests 
that c equals 7. 

Adding this to 600 + 40, multiplying the result by 7, and subtracting 
the product, 4529, there is no remainder. 

Then, 300 + 20 + 7, or 327, is the required square root. 

177. Omitting the ciphers for the sake of brevity, and 
condensing the operation, we may arrange the work of the 
example of § 176 as follows : 

106929 [_327 
9 



62 


169 
124 


647 


4529 
4529 



The numbers 600 and 640 are called trial-divisors , and the numbers 
620 and 647 are called complete divisors. 

We then have the following rule for finding the square 
root of an integral perfect square : 

Separate the number into periods by pointing every 
second digit, beginning with the units* place. 

Find the greatest square in the left-hand period, and 
write its square root as the first digit of the root ; sub- 
tract the square of the first root-digit from the left-hand 
period, and to the result annex the next period. 

Divide this remainder, omitting the last digit, by twice 
the part of the root already found, and annex the quo- 
tient to the root, and also to the trial-divisor. 

Multiply the complete divisor by the root-digit la.st 
obtained, and subtract the product from the remainder. 

If other periods remain, proceed as before, doubling the 
part of the root already found for the next trial-divisor. 

Note* I. It sometimes happens that, on multiplying a complete divisor 
by the digit of the root last obtained, the product is greater than the 
remainder. In such a case, the digit of the root last obtained is too 
great, and one less must be substituted for it. 
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Note a. If anx root-digit is 0, annex to the trial-divisor, and annex 
to the remainder the next period. (See the illustrative example of § 1 79.) 

178. Ex. Find the square root of 4624. 

4624 168 
36 



128 



1024 
1024 



The greatest square in the left-hand period is 36. 

Then the first digit of the root is 6. 

Subtracting 6', or 36, from the left-hand period, the result is 10; to 
this we annex the next period, 24. 

Dividing this remainder, omitting the last digit, or 102, by twice the 
part of the root already found, or 12, the quotient is 8; this we annex to 
the root, and also to the trial-divisor. 

Multiplying the complete divisor, 128, by 8, and subtracting the pro- 
duct from the remainder, there is no remainder. 

Then, 68 is the required square root. 

179. To find the square root of a number which is not 
integral. 

Ex. Find the square root of 49.449024. 

117 u ^ Aq AAonoA / 49449024 _ \/49449024 

We have, v/49.449024=^.j^^^--^^,=^. 

49449024 | 7032 
49 



1403 


4490 
4209 


14062 


28124 
28124 



Since 14 is not contained in 4, we write as the second root-digit, in 
the above example; we then annex to the trial-divisor 14, and annex 
to the remainder the next period, 90. (See Note 2, § 177.) 

Then, \/49.449024= ^ =7.032. 

The work may be arranged as follows : 

' 49.449024 | 7.032 
49 



1403 


4490 
4209 


14062 


28124 
28124 
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Then, if a point be placed over every second digit of 
any number, beginning with the units' place, and ex- 
tending in either direction, the rule of § 177 may be ap- 
plied to the result and the decimal point inserted in its 
proper position in the root. 

SXEBCISB 75 

Find the square roots of the following : 

1. 5776. 5. 508369. g. 3956.41. 

2. 15376. 6. 65.1249. lo. 96.4324. 

3. 67081. 7. .156816. ii. .00321489. 

4. 21904. 8. .064516. 

180. Approximate Square Roots. 

If there is a final remainder, the number has no exact 
square root; bufc we may continue the operation by annexing 
periods of ciphers, and obtain an approximate root, correct 
to any desired number of decimal places. 

Ex. Find the square root of 12 to four decimal places. 

12.00060606 I 3.4641+ 
9 



64 


300 
2 56 


686 


4400 
4116 


6924 


28400 
27696 



69281 I 70400 

181. The approximate square root of a fraction may be 
found by taking the square root of the numerator, and then of 
the denominator, and dividing the first result by the second. 

If the denominator is not a perfect square, it is better to 
reduce the fraction to an equivalent fraction whose denomi- 
nator is a perfect squai*e. 

Ex. Find the value of v| to five decimal places. 

We have. J| = JJ = ^^ = 2i^ =, .61237+. 
\8 \16 y/iQ 4 



*i. 2. 


5* •<>. 


2. 3. 


6-f 


3. 5. 


7. f . 


4. 7. 


8. |. 



13. 


48. 


14. 


50. 


15. 


27- 


16. 


.056. 
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EXSBCISB 76 

Find the first five figures of the square root of : 

9. 11. 

10. 12. 

11. .067. 

"• If- 
17. .00074. 

18. The side of a square is 5; find the diagonal correct to 
four decimal places. 

19. In an equilateral triangle, ABC^ the b 
altitude, DB^ passes through the middle 
point of the base« If one side of the triangle 

is 8, find the altitude, correct to three decimal ^^ fe ^ 

places. 

182. Cube of a Binomial. — We find by actual multipli- 
cation : 

(a+by=a^i-2ab + b'' 

a -\-b 

a^-\-2a^b-\- ab^ 

a^b + 2 ab^ + 6» 

That is, the cube of the sum of two numbers is equal 
to the cube of the first, plus three times the square of 
the first times the second, plus three times the first 
times the square of the second, plus the cube of the 
second. 

Again, (a-by=a^-2ab +b^ 

a —b 




a^-2a'b+ ab^ 
- a^b +2a62-6s 



* The values of examples (1) and (2) are of frequent occurrence and 
are important. 
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That is, the oube of the difference of two numbers is 
equal to the cube of the first, minus three times the 
square of the first times the second, plus three times 
the first times the square of the second, minus the 
cube of the second. 

z. Find the cube of a+2 b. 

We have, (a+2 6)«=a«+3 a»(2 6) + 3 a(2 6)'+ (2 6)» 

=a»+6a»6+12a6'+8 6». 

2. Find the cube of 2 a?'— 5 y^. 

(2 aH"- 5 y^y = (2 «»)»- 3(2 x*y(5 y') +3(2 x*)(5 y^y- (5 y")^ 
=8 «•- 60 x«2/*+ 150 a;»y*- 125 y«. 

The cube of a trinomial may be found by the above 
method, if two of its terms be enclosed in parentheses ; and 
regarded as a single term. 

3. Find the cube of a?^— 2 x— 1. 

(a;»- 2 X- \y =[(«»- 2x)- 1]» 

= (a;»- 2 xy- 3(x»- 2 xy+Z^x"- 2 x)- 1 
=x«- 6 x*+12 X*- 8 x»- 3(x*- 4 x»+4a;»)+3(x'- 2 x)- 1 
=«•- 6 a;'+12 x*- 8 «»- 3 a;*+12 a;'- 12 a;'+3 a;»- 6 x- 1 
=a;«- 6 x*+9 «*+4 x»- 9 «»- 6 x- 1. 

HXBBCISE 77 

Cube each of the following : 

1. a^h—ah^, - a? . 3 9. a-\'h'\-c, 

5» — — • 
3 a: 

2. a?+4. ^ „ « n 10. a— 2 6-3 c. 

6. 8a:2~3y^ 

3- c~5. 7. 2 771-6. "• 3d+4cHA:. 

4. 3a:^+l. 8. 9a;2-4y2. 12. 3a^+2&^. 

183. Cube Root of a Polynomial. The cube roots of cer- 
tain polynomials of the form 

a»+3a26+3o6H6' 
can be found by inspection. 

Ex. Find the cube root of 8 a«-36 0^6^+54 a6*-27 b\ 
We can write the expression as follows : 
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(2 a)»-3(2 a)»(3 fe»)+3(2 o)(3 6»)»-(3 6»)». 

By § 182, this is the cube of 2 a-3 &>. 

Then, the cube root of the expression is 2 a— 3 6'. 

EXISBCIBB 78 

Find the cube roots of the following : 

1. a;»+6a:'+12a?+8. 

2. 27a»-27aH9a-l. 

3. m«-fl5m*-f76m' + 125. 

4. a'- 12 0^6+48 ab^-G^ b\ 

5. 125a?' + 150a?2y+60ary'+8y'. 

6. 216a'-108a'6 + 18a&'-6'. 

7. 27a;•-135a?H225a?*-125a;^ 

8. 64<»-144<*w+108<w*-27w». 

9. 8 A»+60 h^k+150 hk^ + 125 k\ 
10. l-18a;' + 108a;*-216a:«. 

XIII. THEORY OF EXPONENTS. IRRATIONAL NUMBERS 

184. In the preceding portions of the work, an exponent 
has been considered only as a positive integer. 

Thus, if m is a positive integer, 

a"*= aXaXaX —torn factors. (§ 6) 

The following results have been proved to hold for any 
positive integral values of m and n : 

a"'Xa»=a"+~ (§50). (1) 

(a")~=a^(§85). (2) 

185. It is desirable to use exponents which are not posi- 
tive integers; and we now proceed to assign to them the 
most convenient definitions and then prove the rules for 
their use. New meanings are conformed to the old laws. 
Thus our new exponents are to obey the old index law 

oT^Xa^^a'^-^'', (1) 

(a«)»«a'«». (2) 
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Let ifc be required to find such a meaning ior/ractional^ 
negcUive and zero exponents. 

186. Meaning of a Fractional Exponent. 

Let it be required to find a meaning for or. 

If (1), § 184, is to hold for all values of m and n, 

Then, the third power of a' equals a*. _ 

Hence, a' may be defined as the cube root of a*, or a'= ^^a®. 
Consider the general case : p 

Let it be required to find the meaning of a^, where p and 
q are any positive integers. 

If (1), § 184, is to hold for all values of m and n, 

a'xa'Xa'X -to^factors =a' ' ' =a' =a^. 

p 

Then, the 9th power of a^ equals a^. 

p p 

Hence, a' must be the qth root of a**, or a' = Va^. 

Hence, in a f raxstional exponent, the nmnerator denotes 
a power, and the denominator a root. 

For example, a* =>J^; 6^=v^; x^'^i/x; etc. 

This statement indicates that in expressions affected by a fractional 
exponent, both a root and a power are to be taken. 

1BXJSBCIB11 79 

Express the following with radical signs : 
I. a*. 3« 7 nr. 5. aW.. 7. 8 a*m*. 9. x*y^z^. 



»i A. !\ ^i f% /r^^/V a in^f/i-V 



1 K 3p 



2. x^. 4. 5a?\ 6. x^y^ . 8. lOn^a?^. 10. 2a'^b^c 
Eixpress the following with fractional exponents : 

11. </x\ 13. V^. 15. 3^6». 17. Q^m^n^. 

12. </la.. 14. ^w*. 16. 4^2 18. </^^Vy^. 

19. ^a</6»«. 2o/^i^\/^^^. 
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187. Meaning of a Zero Exponent 

If (1), § 184, 18 to hold for all values of m and n, we 

Whence, a® = — = 1 . 

or 

This meaning may be illustrated as follows : 

Arithmetically, — . = 1 . 

a' 

Algebraically, a^-^a^^a^. 

Therefore, a** = 1 . (§ 4, ax. 4) 

We must then define aP as being' equal to 1. 

188. Meaning of a Negative Exponent. 

Let it be required to find a meaning for a~'. 

If (1), § 184, is to hold for all values of m and n, 

a-3xa»=a-»+»=a®=l (§ 187). 

Whence, a~'=— • 

a' 

Consider the general case : 

Let it be required to find the meaning of a~', where a 
represents a positive integer or a positive fraction. 
If (1), § 184, is to hold for all values of m and n, 

a-'Xa'=a-'+'=a«=l (§ 187). 

Whence, o~'=— • 

a' 

We must then define a~' as being equal to 1 divided by a'. 
For example, a~^ = — ; oT^ = — ; 3 x~^y~^ = — -; etc. 

189. It follows from § 188 that 

Any factor of the numerator of a fraction may be 
transferred to the denominator, or any factor of the 
denominator to the numerator, if the sign of its expp- 
nent be changed. 
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SXEBCIBE 80 

Express with positive exponents : 

1. ay-y. 5. a^^m~^. 9. m^^tT^. 

2. aV«. 6. m"^'^ar». 10. Sa'V^V. 

3. m~*n'. 7. 4a"''n~^ ii. 6m~*n~*a;*. 

4. 3n""*a:. 8. 5x*y~h-''. 12. 7 a~*n""'a;"*. 

Transfer all literal factors from the denominators to the 
numerators in the following: 

1 1 2"* ' 7a*6-» 

13. —' 15. r- 17. —: — 19. — ]-T- 

^ 8 m-^n^ x'Y • 6 ^^ 

14. — • 16. • 18. • 20. , 

Transfer all literal factors from the numerators to the 
denominators in the following : 

4 a' m-^n~^ ^ 6a"V ^ 9m-«n"^ 

190. Since this is an elementary course, the student is 
only expected to read §§ 191 to 194, then use § 196 in apply- 
ing the principles involved. 

191. We obtained the definitions of fractional, zero, and 
negative exponents by supposing equation (1), § 184, to hold 
for such exponents. 

Then, for any values of m and n, 

a'»xa"=a~+'*. (1) 

The formal proof of this result for positive or negative, integral or 
fractional, values of m and n will be found in the Second Course. 
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192. — =a^~'*for all values ofm ana n. 



a" 



By § 189, — =a"Xa-'»=a"»-», by (1), § 191. 



a» 



The proof of this result in the case where m and n are positive integers, 
and in>n, is given in § 63. 

193. To prove equation (2), § 184, for any values of m 
and n, considering three cases, in each of which m may have 
any value, positive or negative, integral or fractional. 

I. Let 71 be a positive integer. 

The proof given in § 85 holds if n is a positive integer, 
whatever the value of m. 

II. Let 71==-, where p and q are positive integers. 
Then, by the definition of § 186, 



mp 



(ary=^(ary==</^^ (§ 193, l)=a' . 

III. Let n = - «, where ^ is a positive number. 
Then, by the definition of § 188, 

{ary or' 
Therefore, the result holds for all values of m and n. 

194. To prove the result 

for any fractional or negative value of n. 

The proof of this result in the case where n is any positive 
integer, was given in § 86. 

I. Let n= -, where p and q are any positive integers. 
By § 193, [(abff=(aby=a^bP (§ 86). (1) 

By § 86, (a'6^)«= (a' )«(6^)«=a^6P. (2) 

From (1) and (2), [(a6)^J'=(a^6^)«. 
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Taking the qth root of both members, we have 



p p 



(aby^a^b". 

II. Let n=— *, where 8 is any positive integer or positive 
fraction. 
Then, (a6)-'=-i- = 4i(5 ^6, or § 194, I)=a-'6-'. 

195. The value of a numerical expression affected with a 
fractional exponent may be found by first, if possible, ex- 
tracting the root indicated by the denominator, and then 
raising the result to the power indicated by the numerator. 

Bx. Find the value of (-8)*. 

By §193, (-8)*=[(-8)*P=(i/^)^=(-2)'=4. 

This holds only for real numbers. 

196. Remember that the exponent laws given in §§ 60, 
63, 88, 168, hold whether the exponents be integral or 
fractional either positive or negative, i.e. In multiplica- 
tion, add exponents of like letters ; in division, subtract 
exponents of like letters in the divisor from those in the 
dividend ; in involution, multiply the exponents by the 
index of the power ; in evolution, divide the exponents 
by the index of the root. 

1. Find the value of a^xa~^. 

We have, a^Xa-^^a^-^^a-^ 

2. Find the value of aX\/a^. 

By § 186, aX\/a^=aXai=^a''^^='ah 

3. Multiply a+2 a*-3 a* by 2-4 a~^-6 a'K 

2a+4at- 6oi 
-4 a?- 80J+I2 

- 6o*--12 + 18o~* 

2 a -20 ai +18a~i 



164 ALGEBRA 

It must be carefully observed, in examples like the foregoing, that the 
aero power of any number equals 1 (§ 187). 

• 4. Find the value of -? — • 

5. Divide 18a^-'-23+a;"*y+6a?"y 

by 3 x*y~^+x*—2 x*y. 



18 xy-^-23-\-x~iy+6 x- V 
IS xir* + 6 xiy-^ "12 



dxiy-^ + xi-2x~'iy 



6 xiy-^-2 x~i-3 x~iy 



-6xiy-»-ll-f- x"iy+6a;-y 
-Qxiy-^- 24-4 x~^y 

- 9~3x~iy+6a;-V 
-- 9-3g~^y4-6a;-V 

It is important to arrange the dividend, divisor, and each remainder in 
the same order of powers of some common letter. 

6. Find the value of (a^^K 

We have, § 193, III, (a»)-» =a»x-6 =a-»». 

7. Find the value of (a~')""^. 

8. Find the value of (Va)*. 

(\/a)t=(ai)*==aix*=oi 

EXERCISE 81 

Multiply the following : 

I. a* by aK 7- a'^V^' by a'^i^xK 

'' ^' ^y ^"- 8. m-ifc-A by -J_ifci. 

3. a-5 by a\ 3 ^-f 

4. 2 a^ by a-\ ^^ ^ by ^J 

5. 4 a* by 6 a*. 10. 3 x'ty by 4 a^V^ 

6. 12 ir^^ by Vx. 
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Divide the following : 

u. X* by x\ 15. 6Vx» by sVx. 

12. a* by a\ 16. 3 x~^y'^ by 4 x^^y. 

13. c by c"^. '7. 12 a"'6*c by 6 a~'d. 

14. 4 a:~* by 7 a:"*. 18. 14 a"*6* by --7 abK 
Simplify : 

iQ. (a*H-a^l)a"*. 20. (a?-H2a?-Hl)4 ar^ 

21. (4a-*+10a-H25)(2a-='~5). 

22. a?"'*H-2a~^a?~^--15a"'^ 

23. (a:»~l)-h(a;*H-l). 24. n-«-w-^H-n-»-l. 

25. (n"'*--n~')4-(n"'— 1). 

26. (2n"*-5-6n*)(3n"*~4). 

27. (a'"*+2 a""*6-H9 6-*)-^(a-*+2 a""V^-f 3 a"*6-*). 
Find by inspection : 

28. (a*+6*)(a*-6i). (§89.) 31. (2ai+3 6*)(5a*+3 6*). 
2g. (a*-f6*)^ (§91.) 32. (a+8 6)-f-(a*+2 6*). 

30. (a-^+2 6-2)(a-^-6 6-2). 33. (16a-25c)-^(4a*-5c*). 

34. Factor 4a--4a^ + l. (Call the first term a perfect 
square.) 

35.49-36 6. Factor, using § 89. 36. (c*-2rf*)»= ? 
Supply the missing term in the following trinomial squares : 

37. a +2 a V. 1 1 

_ 1 40. 25a^-10a^ 

38. 9c+12c*. 

39. xi-9. 41. 16c^+36d^. 
Find the values of: 

42. (a?~V)*- 45. (v^v^«)^. 48. 36~l 51. 512^ 

43. (aM)"*. 46. srK 49. (-8)'*'. 

44. (n-V^)-*. 47. (-32)*. 50. 729"l 
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Extract the square root of : 
Sa. 16 a~*m^. 

53. 4a"*+20a"*+21a"*-10a"*+l. 

54. 4o*+4a*~19-10a"^25a"'*. 

Simplify the following, expressing all the results with posi- 
tive exponents : 

SS. - — -- • ■— . S6. ^- ^. <7. • • 

" C-* ah ^ a«+^ . a--' ^^ ftV a^^ 

58. (2~+*~2 . 2")(2-2 . 2-'*-'). 

a+6 J+b^ 6i. (a*+a"'^)'-4=? 



59. 



6o. 



V 2 j 



Extract the square root of : 

63. a+2aV+6. 64. 2+2V6+3. (See § 91.) 

65. Is 6+2(18)*+3 a perfect square? 



IBBATIONAIi NUMBBB8 



197. A Surd is the indicated root of a number, or expres- 
sion, which is not a perfect power of the degree denoted by 
the index of the radical sign ; as \/2, i/5, ^x-\-y, or (3)=^ . 

198. A monomial is said to be ratioficU when it is rational 
and integral (§ 57), or else a fraction whose terms are ra- 
tional and integral. 

A polynomial is said to be rational when each of its terms 
is rational. 

An expression is sa id to be irrational when it involves 
surds ; as 2 4- \/3, or Va + l — V^a. 
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199. A rational number is a positive or negative integer, 
or a positive or negative fraction. 

A numerical expression involving surds is an irrational 
number.* 

200. If a surd is in the form bVa, h is called the coeffi- 
cient of the surd, and n the index. 

201. The degree of a surd is denoted by its index; thus, 
^b is a surd of the third degree. 

A quadratic surd is a surd of the second degree. 

For example, the square roots of positive arithmetical numbers not 
belonging to the set 

1, 4, 9, 16, 25, 36, 49, etc., are <tuadratic surds. 
The cube roots of arithmetical numbers not belonging to the set 

1, 8, 27, 64, 125, etc., are cubic surds. 

KBDUCTION OF A SURD TO ITS SIMPLEST FORM 

202. A surd is said to be in its simplest form when the 
expression under the radical sign is rational and integral 
(§ 57), is not a perfect power of the degree denoted by any 
factor of the index of the surd, and has no factor which is a 
perfect power of the same degree as the surd. 

203. Case I. WJien the expression under the radical sign 
is a perfect power of the degree denoted by a factor of the 
index. 

Ex. I. Reduce VS to its simplest form. 

We have, ^=^2'=24(§ 186) = 2i= V2. 

Ex, 2. Reduce v 16 to its simplest form. 

We have, ^i6=[(20i]J = (2^)* =4* = ^4. 

In many rascal forms, operations are more simple 
when the quantities are reduced to forms with fractional 
exponents. 

* Note that we do not define irrational number. The two most impor- 
tant irrationals, — r and € (the base of a system of logarithms), — have 
been proved not to involve surds. 
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SXBBCISB 82 

Beduce the following to their simplest forms: 

1. \/25. 5. ^^. 9. ^^^. 13. V'216 a^'x''. 

2. V^. 6. V^. 10. v'siS. 14. v'64 a«6". 

3. V^l21. 7. v'ei. II. V^144 xY' IS. v^8 a"6*^ 

4. Vl25. 8. V'SI. 12. \/27nV^^ 16. V^625 a;"y». 

204« Case II. TF%69i ^A^ easpresdion i^Tic^er the radical 
sign is rational and integral^ and has a factor which is a 
perfect power of the same degree as the surd. 

I. Beduce "^54 to its simplest form. 

We have, i^ = (27 • 2)*=27i • 2i=(3»)* • 2^=3 • 2i=3i^. 



2. Reduce V3 a'fe— 12 a^fi^H- 12 ob" to its simplest form. 

\/3o«6-12a»6^+12a6« = \/(o»-4a6+4 6»)3a6 
= \/a2-4 06+4 6»\/3a6=(a-2 6)\/3a6. 

We then have the following rule : 

Resolve the expression under the rculioal sign into two 
f aotors, the second of which contains no factor which is 
a perfect power of the same degree as the surd. 

Extract the required root of the first factor, and mul- 
tiply the result by the indicated root of the second. 

If the expression under the radical sign has a numerical 
factor which cannot be readily factored by inspection, it is 
convenient to resolve it into its prime factors. 

3. Beduce ^/\^4A to its simplest form. 

^^1944 = 'i/2»X3» = (2» • 3»)J=(2» • 3')* • (3')i=2 • 3 • (3')i=6-?/9. 
4* Beduce Vl26xl47 to its simplest form. 

Vl25Xl47=V5»X3X7^=V5^X7*xV5X3=5X7X\/l6=35Vl[5. 
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SXSBOISE 83 

Reduce the following to their simplest forms : 

1. (45)* 4. V^75. 7. ^54. lo. V^4. 

2. (12)*. 5. v1^. 8. (128)*. II. VSOO a»6». 

3. (96)*. 6. (27)*. 9. V^192. 12. \/98a?«y-49a?y. 

13. [(a+3)(a2-9)]*. 

14. V(2 aH2 ay-^y^) (3 a- 3 y). 



15. [(a:H9)a?]i. iQ. V63 or^y • 75 xY • 98 2. 

16. \/(a:H6xH-9)x. 20. V98 • 196. 

17. \/(aH2a6+4 6>2. 21. (5145)*. 

18. Va'+4a6H-4 6»(a-fe). 22. Vs a«-24 aH48a. 

23. v'l8a»feH-60 0^6^50 oft'. 



24. >/(6 x'+5 a?y-4 y2) (3 x^-2 xy-S y^). 

205. Case III. When the eocpreaaion under the radical 
sign is a fraction. 

In this case, we multiply both terms of the fraction by 
such an expression as will maJce the denominator a per- 
fect p6wer of the same degree b& the surd, and then pro- 
ceed as in § 204. 

Ex. Reduce ^ — - to its simplest form. 

Multiplying both terms of the fraction by 2 a, we have 

musitoisi: m 
Reduce the following to their simplest forms : 

I. V|. 3. v^. s. v^lf. 7. ^. 9. v^. 

a. V\. 4. V^. 6. V^. 8. \/|. 10. V^. 
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^ ^2a+b ^ a+b 



1 ^/2a2-a-15 ^ x» ^/3a:'-18xH-27 
14. \ 15. \ — ■ 

a-3^ a-3 x^-5x+6^ x^ 

206. To Introduce the Coefficient of a Surd under the 
Radical Sign. 

The coefficient of a surd may be introduced under the radi- 
cal sign by raising it to the power denoted by the index. 

Ex. Introduce the coefficient of 2'^3 under the radical 
sign. 

A rational expression (§ 198) may be expressed in the form of a surd 
of any degree by raising it to the power denoted by the index, and writ- 
ing the result under the corresponding radical sign. 

IBXISBCISE 85 

Introduce the coefficients of the following under the radical 
signs: 

1. 2V3. 3. 6V6. 5. 2i^5. _ ,, / i 

2. 5\/2. 4. 5^3. 6. 3V^. "^Ua^-b^ 

8. (3x-2y)v^. ,^, g^ / a2^a-6 
a+3^a^-a-6 

ADDITION AND SUBTBACTION OF SURDS 

207. Similar Surds are surds which do n ot differ at all, or 
differ only in their coefficients ; as 2'Vax^ and S'^ax^, 

Dissimilar Surds are surds which are not similar. 

208. To add or subtract similar surds (§ 207), add or 
subtract their coefficients, and multiply the result by their 
common surd part. 
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1. Required the sum of V20 and \/45. 
Reducing each surd to its simplest form (§ 204), 

V^ + \/45 = \/4x5 + V9X5 = 2\/5 + 3V5 == 5\/5. 

2. Simplify \/|+\/f-\/f. 

2 3 4 3 4 

We then have the following rule : 

Beduoe each surd to its simplest form. 
Add or subtract the similar surds, ajid indicate the 
addition or subtraction of the dissimilar. 
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Simplify the following : 

1. Vl2H-\/48. 

2. \/50-\/l8. 

3. 2V2-fVl28-V98. 

4. Vl25H-\/l80H-V80. 

5. i^2+^16. 



6. ^^o-^-i/ish. 

VT75 V112 V44 

2 



8. \/250 + V490-VlO. 

9. V44-.V275+\/89i. 

0. V32H-V^+\/80. 

1. \/5+\/245-%/320. 

4. ^i+^+^|. 



15. 



5 3 

16. 7V^-V75-24V^-27V^. 
^7. ^1 + ^^. 



18. fe2V8;^4.afevWa^^-a2\/l28a6^. 



19. V3 a:»H-12 0:2 + 12 a?-|- V27 a?«-72 a:H48 a:. 



20. 2\/l2 a:2+60 a:y +75 y^- V48 a:2-72 xy+27 if. 
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TO BJBDUCXB 8X7BDB OF DIF7BBBNT DEQB1BB8 TO ICQUIVA- 
Umr 8UBD8 OF THE SAME DEOBEE 

209. Ex. Beduce v^, "5^, and V5 to equivalent surds of 
the same degree. 

By f 186, V2=^ 2* « 2 A « \^2*= V^. 

v/6=5J=6A = V^5^=V^i25. 
Kule: 

BzpresB the surds with fractional exponents, reduce 
these to their lowest common denominator, and express 

the resulting expressions with radical signs. 

» 

The relative magnitudes of surds may be determined by reducing 
them, if necessary, to equivalent surds of the same degree. 

12/ By — 12/ — 

Thus, in the above example, V 125 is greater than v 81, and V81 than 

Then, VE is greater than '^, and i^S than \/2. 

EXEB0I8E 87 

Beduce the following to equivalent surds of the same 
degree: 

1. y/2 and ^. 4. v^, \/b, Vc. 

2. i/~5 and \/7. g. Vo^, i^M^, \^a*-6'. 

3. i^ and V^. 6. Is \/2 greater than i'S? 

7- Compare v 5 and V?. 

8. Write in order of magnitude V4, V6, \/l5. 

9. Which is greatest V^, vTs, V^3? 
10. Which is greatest i^3, V^, \/4? 



MUI/nFUCATION AND EVOLUTION OF 8UBB8 

210. I. Multiply V6 by VlS. 

\/6X\/i5=\/6Xl6=\/2X3X3X6=N/3»X2X6=3V^. 

2. Multiply \/2a by i/Ta\ 
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Reducing to equivalent surds of the same degree (§209), 
\/2aX^4^'=(2a)ix(4a')i=(2a)tx(4 a')*=V^(2 o)»XV^(4a»)» 
= \/23a='X2*a*=V2«a«X2a=2a\/2a". 
We then have the following rule : 

To multiply together two or more surds, reduce them, 
if necessary, to surds of the same degree. 

Multiply together the expressions under the radical 
signs, and write the result under the common radical 
sign. 7%e result should be reduced to its simplest form, 

3. Multiply n/5 by v^6. 

By f 186, V5=6i=5*=v/5*. 

Then, V^X\/5 = \/5»X\^=v/5*=5*==5*=i^' = i^25. 

4. Multiply 2V3+3V2 by 3^3 -\/2. 

2\/3 + 3V^ 

3V3- \/2 

18+9\/6 

-2V6-6 
18+7\/6-6=12 + 7\/6. 
To multiply a surd of the second degree by itself simply removes the 
radical sign; thus, V^X V3=3, or 3* • 3i=3i+i=3. 

5- Multiply 3VT+x-4\/^by Vl+x+2Vx. 

3Vl+a;-4\/x 

3 (l-\-x)-4Vx+x^ 

+ 6\/x+x^-Sx 



3 {l+x) + 2\/x+x^-S x=3-5 x+2Vx+x^. 
.EXERCISE 88 

Multiply the following : 

1. Vs by V27. 4. (108)* by (192)*. 

2. ^36 x^y by i/6 xy\ 5. </l2 by i/\2. 

3. 10* by 30*. 6. y/l by Vf 
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8. Va2-5' by Va+b. 12. i^To^ by Vl25 ab. 

9. ^3 by V^. 13. 2+3* by 3+2*. 
10. \/7by V7. 14. 5+V7-2+\/5. 

15. (5 + V7)(2 + v^6). 

16. Expand (Va+Vfe)^ (§91). 

17. Expand [(a)*+7(6)i][(a)*-5(6)i]. • 

18. Expand (V3a+V46)(\/3a-VT6). 

19. Expand [3. 2* - 2. 3*]^ 

20. Expand (Vl + y/2+Vdy. 

21. Expand (2V3)», (3</2)^ (4V^)*. 

22. Expand (Vl2)^ 

(V^)»=(12)* (§ 193) =12i=2V3. 

23. Expand (VT2)". 

24. Expand ( V^ a^by. 

25. Expand (4Va^+3V'a+fe)^ 

Expand and express result in the form a+2N/6 : 

26. (5 + \/3)2=25 + 10V3+3=28+2 • 5\/3=28+2\/75. 

27. (5*-3i)^ - 30. (V6^2Vsy. 

28. (2*+3*)^ 31. (7+4V3)^ 

29. (V5+V7)^ 32. [3 + (2)i]^ 

33. (2-2*+3.3*)^ 
Supply the missing term in the following trinomial squares: 

34. 4+2^12+? 35. 7+2Vl4. 36. 14+2(14)*. 

37. Extract the square root of 7+2Vl2. 

38. Extract the square root of 5+2(6)*. 
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Note that in squaring a binomial, one or both of whose terms are affected 
by the exponent |, the square reduces to a binomial surd if both terms of 
the binomial to be squared are numerical. (Compare Examples 27-36.) 
Also the part 2( )i corresponds to the middle term of the examples in § 91 . 
In 2{abp if ab can be so factored that the sum of these factors is equal to 
the other term, the square roots of these factors connected by the sign of the 
irrational term unU be the square root of the binomial surd. 

39. Find the square root of 8+2(15)^. 

15 = 6 -3 and 5+3=8. 
Hence by the above rule, 

\/8 + 2(15)i = \/5+\/3. 

40. [17+6(8)*]*=[17H-2(72)*]i 

=117+2(8 • 9)i]i 
=94+8* 
=9i+(2^)i-2i 
. =3+2V5. 

Find the square roots of the following binomial surds : 
Remember that the coefficient of the radical must be 2. 

41. 3-2V2. 45. 23+2.132*. 49. 37-640*. 

42. 11+2(30)*. 46. 29+2.54*. 50. 4 + (15)*. 

43. I4+6V5. 47. 55+3V24. 51. 5+V^. 

44. 24+2.140*. 48. I2-VI08. 52. 55-20^6. 

53. 44-4(72)*. 54. 53- V600. 

DIVISION OF MONOMIAIi SURDS 

211. Vafe=V^XV^. 

Whence, --^=,V^ 

Va 
Rule: 

To divide one monomial surd by another, reduce them, 
if necessary, to surds of the scmie degree. 

Divide the expression under the radical sign in the 
* dividend by the expression under the radical sign in the 
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divisor, and write the result under the oommon radical 
sign. The result should be reduced to its simplest form. 

1. Divide i^405 by ^5? 

Wehave, ^ ^jj^^i/si^^^f^^S^, 

2. Divide </i by Ve. 

Reducing to surds of the same degree (§ 209), 
j^_4i^ (2»)* ^ V^ ^ e/ 2* ^ •/2"^ 6/2X3»^i 6/- 
V6 6i (2X3)t ^5^^ ^2»X3- \3» \ 3« *^^- 

3. Divide VlO by v/40. 

\/l0=10i=10*=(10»)* = (6» • 2»)t. 



We have, 
Then, 
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Divide the following : 

1. >/60 by Vs. 

2. (72)* by (2)*. 

3. Vis by V32. 

4. 75* by 60*. 

5. 6-3* by 2.3*. 

6. ^32 by ^4. 

7. 45* by 9*. 

8. V^128 by V48. 

9. ^12 by Vie. 



0. 20\/l2 by 8n/3. 

1. (6a'6)*by (96 5c»)^^ 

2. \/s^ by V^. 

3. V27a?» by </36 ar'. 

4. </p by Vj. 

5. (H)^by(il)^. 

6. ^ by V|. 

7. (H)* by (M)^. 

8. (if)*by2.3i. 



EVOIiUnON OF SUBDS 

212. I. Extract the cube root of V27 x*. 

i/(\/^77»)=(v/(3^)*=[(3 x)*]*={3 x)i=\/3^. 
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2. Extract the fifth root of Vg. 

Then, to extract any root of a surd, 

If possible, extract the required root of the expression 
under the radical sign ; otherwise, multiply the index of 
the surd by the index of the required root. 

If the surd has a coefficient which is not a perfect power of the degree 
denoted by the index of the required root, it should be introduced under 
the radical sign (§ 206) before applying the rule. 

Thus, \/(4 V2) = \/{\/32) = \/% 

or \/(4\/5) = (4 • 2i)i=(22 . 2i)i=2i • 2^=2^ . 2tV=s2A=\/2. 

BXEBdSE 90 

Find the values of the following : ' 

1. V(V^). 5. V(V^9a2H-12a+4). 9. ^^(16 a*\/3a). 

2. ^(n/8 a^fe*). 6. ^(V^). 10. \/{2x^Vx^). 

3. ^/{V\S). 7. \^(81'i/l6). II. v^(V343). 

4. \/(\/mx^). 8. \/{2Vz^y 12. i/(2n^\^16n=^). 

BEDUCTION OF A FRACTION WHOSE DENOMINATOR IS 
IRBATIONAIi (§ 198) TO AN EQUTVAIiENT FRACTION HAV- 
ING A RATldNAIi DENOMINATOB 

213. Case L When the denominator is a monomial. 

The reduction may be effected by multiplying both terms 
of the fraction by a surd of the same degree as the denomi- 
nator, having under its radical sign such an expression as 

will make the denominator of the resulting fraction rational. 

5 

Ex. Reduce ,. — - to an equivalent fraction having a 

v3a^ 

rational denominator. 
Multipljong both terms by -^9 a, we have 

5 ^ 5^9a ^ 5i/9a ^ 5i/9a 
Vs7^ i/37^^9^ -e/27^ 3 a 
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BXJDBOISS 01 

Reduce each of the following to an. equivalent fraction 
having a rational denominator : 

2 /5 3 ^ 9b 

V3 ^2 i/4 i/S6b 

2, — ; • 4. — ;• O* » O. 



V2 V7 ^9a» '^^ 

214. Case II. When the denomincxtor is a binomial con- 
taining only surds of the second degree. 

1. Beduce = to an equivalent fraction having a 

5-fV2 
rational denominator. 

Multiplying both terms by 5 - V^ (5 - \/2 is called the conjugate of 
54-n/2), we have 

5->/2 ^ (5-V^)» ^ ^^-^0"^+^ (;;90,91) _ 27-10V2 
5+\/2 (5+V^)(5-V'2) 25-2 ' 23 

2. Beduce - — ^~ J^^~ = to an equivalent fraction having 

2Va-3Va--6 
a rational denominator. 

Multipljring both terms by 2\/a + 3\/a—b, 

3Vo-2\/a-6 _ (3\/o-2\/a-6)(2\/o+3VS^) 

2\/o-3\/a-6 (2Va-3V^o^)(2Vo+3\/a^6) 

_ 6fl4-5N/a\/a^-6(g-6) _ 6& + 5\/a'-Qfc . 
4a-9(a-6) 96-5a 

Rule : — Multiply both numerator and denominator of 
the fraction by the denominator with the sifirn betinreen 
its terms changed. 

BXEBCISE 92 

Reduce each of the following to an equivalent fraction 
having a rational denominator : 

, 3 , 8 4- (2)* 
I. —r= -• 2. -• 3. L^. 

V3+V2 3-(5)i 4H-(2)* 
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^- ^+:^- 2^1 



8. ^Zj£±]/l. ' 2-V2 

x*+(x+y)* ^ 

3-(o-3)* 5-2^6* „ V'^^+1 

10. i i— II. -• 13. . • 

3+(o-3)^ 3-2*-6* Vx-2+2 

Add the following fractions : 

(The common denominator is more readily found if the denominators 
of the fractions are first rationalized.) 

3§+2i 3*-2i • „_2 6i a+fci' 

2>/6+l 5+V6 ^^ (x+l)^2 3v/2 

V3+2 Vl2 ' ■ (a;+l)i-2'^(2a.+2)4" 

215. The approximate value of a fraction whose denomi- 
nator is irrational may be conveniently found by reducing 
it to an equivalent fraction with a rational denominator. 

I 
Ex. Find the approximate value of — to three places 

of decimals. 2 — V 2 

1 2+\/2 2+\/2 2+1.414- 



14. 



= 1.707- •. 



2-V2 (2-\/2)(2+V2) 4-2 2 

The \/2 and the Vo are important values and are of frequent occur- 
rence in mathematical investigation. 

IBXBBCISE 93 

■ 

Find the values of the following to three places of deci- 
mals: 

3 1 1 

V5 V2 V3 
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2 A 2 , 3 

3->/3 V5-1 VlO 

1 » ^ 5 1 

' 5H-2V7 2V3-4 * v^-2 

216. Important Property of Quadratic Surds (§201). 
I. A quadratic surd cannot equal the .sum of a rational 
expression and a quadratic surd. 

For, if possible, let '^^h+^/c, 

where 6 is a rational expression, and ^/a and Ve quadratic 
snrds. 

Squaring both members, a =5* +2 h'^c-^-Cy 

or, 2 5Vc=a— 6'— c. 

Whence, Vc = — —r — • 

2 

That is, a quadratic surd equal to a rational expression. 
But this is impossible; whence, Va cannot equal h+^/c, 

11. ^a+Vo==c+Va, where a and c are rational ea> 
pressions^ and Vft and Vd quadratic surds^ then 

a^c, and Vft=\/d. 

If a does not equal c, let a=c+a; ; then, x is rational. 
Substituting this value in the given equation, 

c+x+\/b^c+Vd, or x+Vb=^y/d. 

But this is impossible by § 216. 
Then, a=Cy and therefore Vo = \/d. 
That is, an equation of the form a+ V5=c-f vd may be 
written as two equations, 

a=c, b'^d, 

217. Solution of Equations having the Unknown Num- 
bers under Radical Signs. 

I. Solve the equation (a?*— 5)*— a;= — 1. 
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Transposing — x, {x^—5p=x—l. 

Squaring both members, x^— 5=0;'— 2 x+1. 
Transposing, 2 x = 6 ; whence, x = 3. 

(Substituting 3 for x in the given first member, and taking the positive 
value of the square root, the first member becomes 

(9-5)i-3=2-3=-l; 

which shows that the solution x=3 is correct.) 

Where no sign occurs before a radical the positive sign is understood. 

Also, in equations of the type, \/x+3 + \/x'+9 — \/x— 3 = Vx, 
usage requires that we regard only the given sign before the radical 
rather than the double sign that naturally belongs to a radical. 

KuLE : — Transpose the terms of the eqiiation so that 
a surd term may stand alone in one member; then raise 
both members to a power of the same degree as the 
surd. 

If surd terms still remain, repeat the operation. 

The equation should be simplified as much as possible before per- 
forming the involution. 



2. Solve the equation V2a:-H-V2a?+6=7. 

Transposing \/2 x- 1, V2x+6=7-\/2x-l. 
Squaring, 2 x4-6 =49-14\/ 2 x-i 4'2 x-1. 

Transposing, ' 14\/2x-l=42, or \/2x-l=3. 

Squaring, 2x— 1=9; whence, x= 5. 

Substitute x=6 in the given equation to verify the result. 

EXSBCISE 94L 

Solve the following equations, verifying each result : 

(Any radical may be changed to a form with fractional exponents and 
the exponent form is often more easily solved.) 

1. (2«+l)*-5=0. 5. __2___^^_=(2-2z)i. 

2. ^■^+7+6=8. (2+8)* (2-2 z)4 

3. (4«»-19)*=2<-l. 6. V5m-24+4=V'5m. 

4. Vm'-11+m = 11. 7. (t;)*+(v-3)*=3. 
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(3 x+24)*+(3x)* 2 
9. Vw-3-Vw+21 = -2V^. 
10. (8a?'+36a:2)*-3=2a?. 

V a^+g + '^x— g ^ (Rationalize denoruinator, or use 

12. (/2-5<-2)* + (<H3<+6)*=4. 

X3. Va?+15-Va:+3=2V'i. 
^^^ (2x-h8)^+(2x)V ^ 

* (2»+8)i-(2x)i 
15. Vx-2 a- Va;-6 a=2Vx-5 a. 

IMAGINABY NUMKEBS 

218. If a number involves an indicated even root of a 
negative number it is called imaginary. Such numbers de- 
pend upon a new unit, ^/— 1 or (— 1)* ; as V^^, V— 3. 

In contradistinction, rational and irrational numbers (§ 199) 
are called real numbers. 



219. An imaginary number of the form V — a is called a 
pure imaginary number, and the sum of a real and an 
imaginary is called a complex number; as a+6 V — 1. 

220. Meaning of a Pure Imaginary Number. 

If Va is /•ea?(§218), we define Va as an expression such 
that, when raised to the second power, the result is a (§ 165). 

To find what meaning to attach to a pure imaginary num- 
ber, we assume the above principle to hold when Va is 
imaginary. 

Thus, V— 2 means an expression such that, when raised 
to the second power, the result is —2; that is, (V— 2)^ or 
(-2^)2= -2. _ 

In like manner, (V- !)'=(- 1^)'= - 1 ; etc. 
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OFEBATIONS WITH lUAOINABT NUHBBB8 

221. By §220, (\/ir5)2=(-5V==-5. (1) 

Also, (V5\/^)^=(\/5)^(a/^)2=5(-1)^ 6, (2) 

or (V^)2=(5i)2 . (-li)2=5(-l) = -5. 

From (1) and (2), {V^y=^{V5V^iy. 

Whence, V^=:\/5\/^, or 6*(- 1)*. 

Then, every imaginary %quare roo t can he caressed as the 
product of a real number by V— 1. It is advisable to re- 
duce every imaginary to this form before performing the 
indicated operations. 
V^— 1 is called the imaginary unit; it is often represented by i. 

222. Addition and Subtraction of Imaginary Numbers. 

Pure imaginary numbers may be added and subtracted in 
the same manner as surds. 

1. Add V^i and vdlis. 

By §221, \/^+\/^36=2(-l)i+6(-l)i=8(-l)i. 

2. Subtract 3- V^ from l + \/^^. 

In adding or subtracting complex numbers, we assume that the rules 
for adding or subtracting real numbers may be applied without change. 

Then, 1 + v'^16-(3-\/^) = H-4V^-3+3\/^ 

= -2+7\/^. 

ISXEBCISE 96 

Simplify the following : 

X. (-9)* + (~25)*. 3. V^^-V^. 

5. V-.(a;+2)*-\/^^. 

6. (-a;»)i+(-y2)i + (-22)i. 

7. 3>/^+2\/~144 + V'^^. 

8. 2(-16)*-5(-49)*-8(-121)*. 

9. V^16a:*-V-9x*-V-4a?^ 
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10. V-4 a'-4 a6-6'~ V-9 aH6 ab-b\ 

11. Add 2+(-3)* to 5+(-27)*. 

12. Add 6-\/-64to 1- V^^. 



13. From 2+v^ take 8- V-25. 

223. Positive Integral Powers of V^ or — li 

By §220, {-ll)'«=(-l)*-(-l)*=-l. (By adding exponents.) 
Then, (\/^l)*=(-lJ)'.(-l)4=:-l.(-l)i=-\/^; 

(\/^)»=(-li)*-(-l)i = 1-- 1*=%/^, etc. 

Thus, the first four positive integral powers of \/—l are V'--!, —If 
— V— 1, and 1 ; and for higher powers these terms recur in the same 
order, the sixth power being like the second, etc. 

224. Multiplication of Imaginary Numbers. 

The product of two or more imaginary square roots can 
be obtained by aid of the principles of §§22rand 223. 

1. Multiply V^ by V^. 

By §221, -2*- -3i=2i--li-3i -li 

=2i-3i-(-lJ)»=6J(-l) (5223) =-V6. 

2. Find the product of v^^, V^^, and V-25. 

V^X\/^^XV'^^=3\/^X4V^X6\/^ 
=60(\/^)*=60(- V^) (§ 223) = -eoV^, 



3. Multiply 2+5V-5 by 4-3V--5. 

In multiplying complex numbers, we assiune that the rules for multi- 
pl3ring real numbers may be applied without change. 

2+ 6\/6\/^ 

4- sVEV^ 

8+20\/5\/^ 
- 6V^\/^--15(5)(-l) 



8+14V^ +75=83+14\/^ 
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4. Expand (V^+2VC3)a by the rule of § 91. 

(-6i+2- -3i)'=(5i • -li+2 • 3^- -li)' 

= (6i)»-(-li)'+4-6i--li-3i-li+2».(3*)»-(-ll)' 
= -5+4-16i(-li)»+4--3 
= -6-4 . 15i-12= -17-4^16. 

1SX1SB0I8B 96 

Multiply the following : 

X. (-4)* by (-9)*. 5. >/^^ by V^^. 

2. (-36)* by (-16)*. 6. (-9)* by (-18)*. 

3. V^ by \/^. ' 7. 3 + (-3)* by 2 + (-2)*. 

4. (-196 a')* by (-144 a')*. 8. 5+4V^ by 2-V^. 

9. 3V^+2V^ by 2\/^+3v^^. 

10. 8V^, 6\/^, -3V^, and 2V^. 

XX. vCle, V-49, >/^^, and V~100. 
Expand the following by inspection : 
X2. [2 + (-3)*]^ X4. (5\/^+3\/^)2. 

X3. (6-V^)^ 15. [6+4(-3)*][6-4(-3)*]. 

i6. (^-3 a?+y)(V-3 x-y), 

X7. [(-5a?)*+7*][(-5x)i+5*]. 

x8. (8V^+3V35)(8\/^-3v/^). 

ig. (a+6\/^)(a-6\/^). 

20. Add (a+ftV^) to (a-ftV^). 

a + 6\/~l and a — 6V^— 1 are called conjugate imaginaries. Note 
that their sum and their product are recU. 

225. Division of Imaginary Numbers. 
X. Divide V^^ by v^^. 
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By J221. ^* = if^=^ = 8i=2V5. 
— 5* 5* • — 1 * 5* 

2. Divide Vis by V^. 

3. Seduce — ^ y=:^ to an equivalent fraction havine a 

real denominator. 

Multiply both numerator and denominator of the fraction by the 
conjugate of the denominator, i. e., V3 — V— 2, that is, the denomi- 
nator with the sign between its terms changed. 

V3_VZ2 ^ (y/S-V^y (589) 
V^+\/-2 (\/3)»-(\/^)» 

3-(-2) ^*^^^ 

_ 3-2\/^-2 _ 1 -2\/^ 
3 + 2 5 

BXJBBCI8Z! 07 

Divide the following : 

1. -20* by -5*. S. -V32 by -^^8. 

2. V^^ by vCIS. 6. (180)* by -(10)*. 

3. -36* by -12*. 7. -v^^^ by v^. 

4. -(-12o*fe)* by (3ai)*. 8. -\4 by V^\ 

Reduce each of the following to an equivalent fraction 
having a real denominator : 

9. ^ _ „ S\^^+2\/^ 

2-V-3 • 3V3^-2V-"fe* 

,o. 2±_(-3)*. „. 2V3-5-5 . 

2-(-3)* 2V^ + 5 



QUADRATIC EQUATIONS 187 

XIV. QUADRATIC EQUATIONS 

226. A Quadratic Equation is an equation of the second 
degree (§ 75), with one or more unknown numbers. 

A Pure Quadratic Equation is a quadratic equation in- 
volving only the square of the unknown number ; as, 2 a?^=5. 

An Affected Quadratic Equation is a quadratic equation 
involving both the square and the first power of the unknown 
number; as, 2a?*— 3a:— 5=0. 

In § 103, we showed how to solve quadratic equations of the forms 
ax*-i-bx=Of aa;* + c=0, x^ + ax+b=0, and ox*+6x+c=0, 
when the first members could be resolved into factors. 

FUBE QUADBATIC BQUATIONS 

227. Let it be required to solve the equation 

a;2-4=0, 
or a?* =7= 4. 

Taking the square root of each member, we have 

±a?=±2; 

for the square root of a number may be either + or — 
(§168). 

But the equations —a? =2 and a? =—2 are the same as 
a?= — 2 and a? = 2, respectively, with all signs changed. 

We then get all the values of x by equating the positive 
square root of the first member to the =b square root of the 
second. 

The graph of a quadratic expression, with one unknown 
number, a;, may be found by putting y equal to the expres- 
sion, and finding the graph of the resulting equation as in 
§151. 

In the equation x* — 4=0 placing 

that is, substituting ^=0, and finding valuer for y by assigning values 
0, 1,2, etc., to X, we have 




-2 


-0 (.F) 


-3 


5 (G) 


-4 


12 


Connecting these 


points (A), (B), (O, 


etc., we find, that 


they form a Binooth 


curve, that the low- 


eat point of the curve 


is on the y-axfe, that 



the CI 



a the 



x-VQB at ±2. That 
is, the curve x"— 4=0 crosses the line y=0 (the i-axis) in two points 
and that these points of intersection (2, 0), (-2, 0) correspond to the 
algebraic solution of x*-4=0 in {227. 

In general, it will be found tliat the graph of every equation of the 
second degree ({ 75) in two variables (unkflown numbers) is a curve. 
The above geometrical picture shows in a graphical way why a quad- 
ratic equation has two roots. 
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¥iaA the graph of : 
I. a;'-9=0. 2. a;*-16=0. 



3- a-'- 25=0. 



228. A pure quadratio equation may be solved by redu- 
cing it, if tteceBsary, to the form x^=a, and then equating x 
to ± the aqnare root of a (§ 227). 



. Solve the equation 3ic'+7= 



5x' 



+35. 



140. 



Clearing of fractions, 12a' + 2 

Transposing, and uniting terms, 7 i' = 1 12, or x' 

Equating x to the ± square root of 16, x = ±4. 
Verify by substituting x=±i in the given equation. 
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2. Solve the equation 7 x^^5=5 x^— 13. 

Transposing, and uniting terms, 2 x'= — 8, or a:^= — 4. 

Ekjuating x to the db square root of — 4, a;= ±\/—A 

= ±2\/^ (5 221). 

In this case, both values of x are imaginary (§ 219) ; it is impossible to 
find a real value of x which will satisfy the given equation. 

Verify by substituting in the given equation. 

Make a graph of a;*= — 4. 

In solving fractional quadratic equations, any solution wliich does not 
satisfy the given equation must be rejected. 

Thus, let it be required to solve the equation 

x^-7 ^ 1 !_.. 

x^+x — 2 x+2 x—1 

Multiplying both members by (x+2)(a;— 1), or x^+x— 2, 

x* — 7=x — l—x-2, or x* = i. 
Extracting square roots, x=±2. 

The solution x=—2 does not satisfy the given equation; the only 
solution is a; =2. 

ZSXEBCISE 99 

Solve the following equations and verify each result : 
I. 8 1;2^24=7 vH25. 3. 3(2 t+iy+i(S <^ 2)^=256. 

^' 3 a?^ 5 a:^ 60 ^* 3 3 a? 12 x 

^ 2a:H4 3a?2-7 11 
5 3 15 

^3_x^_2x^^x^^ (§132, Ex 3.) 
12 5a?H4 4 ^^ ^ 

7. v/i0+i-Vl0^=2. 8. i^^H?__8t^^l, 

7 2 14 

3 a t-\-5b 



1-5 b 3 aH- 10 6 



=0. Solve for t. 



4a?'-l , 3a?*-4 2x^-3 
10. 1 = • 
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t-\-a . t—a 
IX. -^-f 



a-f c , a—c 

-f- 



t^a t+a a^c a+c 

X2. Vx^+2=-x- ^ 



(§ 133, Exs. 1, 2.) 



Va?'-f2 

The following equations occur in the study of physics. 
Solve in the first six equations for the number which appears to the 
second power. 



13. S=^gt\ 




14. E=^mv^, 


16. H=c^m. 



17./= 



mV 



18. ii = 



R 

kl 



D 



2 




19. If the square of a certain number divided by 4 is 
added to twice the square of the number divided by 32, the 
sum is 20 ; find the number. 

20. One number is five times another, and the difference 
of their squares is 216 ; find the numbers. 

2 1 . If one angle of the right triangle ABC 
is 30^, the hypothenuse is twice the shorter 
side. The side opposite angle B is I0V3; 
find CB and explain your negative root. 

22. A ladder 25 feet long standing in a court, will reach 

a window on one side of the court 20 feet 
from the ground. If turned on its foot as 

'^ an axis it will reach a window in the op- 
posite wall 15 feet from the ground. Find 
distance across the court and explain your negative roots* 

23. Two camps, A and £, are at oppo- 
site sides of a lake. In order to find the 
distance between them, a line BC was 
measured at right angles to AB. BC was 
found to be 441 feet. AC was measured 
and found to be 735 feet. Find AB. b c 

24. In a semicircle, if the perpendicular DP be dropped 
from a point Pin the circumference to the diameter ABy DP 
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is a mean proportional between the segments AD and DB, 
If the perpendicular DP is 6, find AD and 
DB^ the radius of the circle being 10. If 
DP is 10 and the radius 6, what effect does 
it have on your solution ? Draw the figure. 

25. When a body falls from rest from any point above the 
earth's surface, the distance, S^ which it traverses in any 
number of seconds, t, is found to be given by the equation 

in which g represents the velocity which the body acquires 
in one second ; 9 =32. 15 feet, or 980 centimeters. 

A stone fell from a balloon a mile high ; how much time 
elapsed before it reached the earth? 

26. In the equation t=Tr\j-y t represents the time required 

9 
by a pendulum to make one vibration, I represents the length 

of the pendulum, and g is the same as in Problem 25. Find 

the length of a pendulum which beats seconds. 

27. If a pendulum which beats seconds is found to be 
99.3 centimeters long, find from the above equation the value 

28. Th^ area of an equilateral triangle y^ 
ABC is I6V3; Find the altitude DB. 

29. Two balloons start at the same time 
from St. Louis on a long-distance race. 
One strikes a northwest current carrying it ^ 

30 miles an hour; the other strikes a southwest current 
carrying it 25 miles an hour. At the end of the second hour 
each balloon is one mile from the earth. How far apart are 
they? 

30. Two automobiles start from A at the same time, one 
going north at 18 miles an hour, the other going east at 15 
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miles an hour. How far apart are they at the end of the 
A first hour ? 

31. D is due west of C, A is due north of D, and the 

distance from C to Z) is 84 miles. At 2 p. m. a train 

leaves C for D, running 40 miles an hour. At 2 : 30 p. m. a 

train leaves D for A^ running 44 miles an hour. How far 

Q Q apart are they at 3 p. m. ? 



n\ 


' 2X 1 ' 

1 

I 



32. A window in the form of a rect- 
angle surmounted by a semicircle is found 
to admit the most light when its height and 
width are equal. If the area of this win- 
dow is 32.1372, find the width. 



AFFSOTIID QUADBATIC ZSQUATIONS 

What must be added to a^-^^x to form a perfect trino- 
mial square? (Exercise 30.) What must be added to a;^+ 10 a; 
to form a perfect trinomial square ? 

229. First Method of Completing the Square. 

By transposing the terms involving x to the first member, 
and all other terms to the second, and then dividing both 
members by the coefficient of x^^ any affected quadratic 
equation can be reduced to the form x^+px^^q. 

We then add to both members such an expression as will 
make the first member a trinomial perfect square (Exercise 
30); an operation which is termed completing the square. 

Ex. Solve the equation x'H-3 a?=4. 

A trinomial is a perfect square when its first and third 
terms are perfect squares and positive, and its second term 
plus or minus twice the product of their square poots (Exer- 
cise 30}. 

Then, the square root of the third term is equal to the 
second term divided by twice the square root of the first. 
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Hence, the square root of the expression which must be 
added to a^+3^ to make it a perfect square is 3 x-7-2 x^ 
orf. 

Adding to both members the square of |, we have 

a;H3x-f (1)2=4+1=^. 

Equating the square root of the* first member to the ± 
square root of the second (compare § 227), we have 

Transposing |, i»^=— f +f or ^f--f=l or —4. 

Rule: 

Reduce the equation to the form x^+pxsg. 

Complete the square, by addmg to both members the 
square of one-half the coefficient of x. 

Equate the square root of the first member to the ± 
square root of the second, and solve the linear equations 
thus formed. 

230. I. Solve the equation 3ar*— 8a;=— 4. 

Dividing by 3, a;'- ?-?= -|, 

which is in the form x^+px = q. 

Adding to both members the square of - , we have 

, 8a;. /4\' 4. 16_4 
Equating the square root of the first member to the db square root 

o.|. .-|.4 

4 4 2 2 

Transposing — , ^==o=^o^^°''q* 

3 3 3 o 

If the coefficient of x^ is negative, the sign of each term 
must be changed. 

2. Solve the equation — 9 ar^— 21 a;=10. 

Dividing by -9, a;»+^=-^. 



Adding to both membeiB the square of ^ 

Extracting square roots, x+ -= ±-- 
Then, *=-|: 



Solve the following equations and verify each result : 
I. t'+it=32. 6. 12A»-Jfc=l. 

3, u'-u=6. 7. 9 ('-3 (=2. 

3. v'~Hv=~12. 8. 9t*~9t=~2. 

4. m'-2m=15. 9. 9 ('+9 (=4. 

5. ix^+ix=3. 10. 16z'-8z=15. 
231. The graphs of aSected quadratic equations can be 

readily constructed by the method used in § 227. 
Conatmct the graph or geometrical picture of 



Pl&dng the first member of the equation equal to y, we have 



(I) 
(2) 



Aaaigning values to x, we obtain corresponding values of y. For 
example, 

Substituting a;=0 in (2), we have y= -6, 
Substituting x=2 in (2), we have j= — 4, etc. 
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Solving x^—x — 6=*0 

or (a;-3)(a;+2)=0, 

we have, x=3or--2. 

In the graph of this affected quadratic equation note 

(a) that the lowest point of the curve is not on the 2/-axis ; 
(6) that the curve crosses the a;-axis in two points (x=3, a;= — 2) cor- 
responding to the algebraic solution. 

The graph of every equation of the form x^+px=q or 
ax^+bx+c=0 is a curve of the above form and is called a 
parabola, 

EXERCISE 101 

Construct the graph of the following equations and com- 
pare the points of intersection with the algebraic solution : 

1. a;2^a?-2=0. 4- Sx^+6x=-h 

2. a?*-8a?+15=0. S- 8a?2-2a;=l. 

3. a:H6a?=-8. 6. 3 a?^^ 17 a?- 6=0. 

232. Second Method of Completing the Square. 

Every affected quadratic equation can be reduced to the 
form aa;*H-6a?H-c=0, or aa?^+6a?=— c. 

Multiplying both members by 4 a, we have 

. 4 a^x^'{- 4 abx= — 4 ac. 
We complete the square by adding to both members the 

square of — ^ or 6. (If the coefficient of x^ is a perfect 

^/\^a 

square, the trinomial square may be completed by adding to 
both members the square of the quotient obtained by dividing 
the coefficient of x by twice the square root of the coefficient 
ofx\ §229.) 

Then, 4 aV+4 abx+¥=-b^-^ ac. 

Extracting square roots, 2 aa?+6= ± Vi^— 4 ac 



Transposing, 2 aa;= — 6 ± Vb^—^ac. 

wu -b±Vb^-4ac 
Whence, x= — — • 

2a 
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Rule : — Beduoe the equation to the form aa^ + to s — e. 

Multiply both members by four times the coeffloient 
of Qi?^ and culd to each the square of the coeffloient of q& 
in the given equation. 

The only advantage of this method over the preceding is 
in avoiding fractions in completing the square. 

I. Solve the equation 2 a:'— 7a:= — 3. 

Multiplying both members by 4X2, or 8, 

16a;»-66x==-24. 

Adding to both members the square of 7, 

16 x'-56x+7»= -24 + 49=25. 

Extracting square roots, 4 a; — 7 = ± 6. 

Then, 4x=7±5 = 12 or 2, and x=3 or \' 

2 

JUXJSKCISB 102 

Solve the following equations using the second method ; 
verify all results : 

1. 3mH10m=-3. 6. 15m'+16m+l=0. 

2. 6<'-13<=-6. 7. 12x^-11 a;=-2. 

3. 2 r^- 15 r-f 25=0. 8. 6xHlla?=7. 

4. 5wH3ti-2=0. 9. 6a:'-7a?=50. 

5. 4x2-f2x-l=0. lo. 10 9H3qf=l. 

233 . Solution of Affected Quadratic Equations by Formula. 
It follows from § 232 that, \ia7?-\-hx^'C=-^, 

then x^ (1) 

This result may be used as ?i, formula for the solution of 
any affected quadratic equation in the form aa;*+6a;+c==0. 

I. Solve the equation 2 a;'+5 ar— 18=0. 
Here, a=2, 6=5, and c= — 18; substituting in (1), 

- 5± V25dr 144 _ -5:^:13 _o _ 9 

aj= = — =Jor — -• 

4 4 2 
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2. Solve the equation — 5 a:^+14 a:+3=0. 
Here, a=— 5, 6 = 14,c=3; substituting in (1), 

^ -14:t:\/l96-|-60 -14i:16 _ 1 ^, q 

ic= = = — — or o. 

-10 -10 5 

3. Solve the equation 110 a;^— 21 a:= — 1. 
Here, a=«110, 6=— 21, c = l; then, 

21:fc\/441-440 _ 21±i ^ A or — • 
220 220 10 U' 

Particular attention must be paid to the signs of the coefficients in 
making the substitution. 

KKEBCISE 103 

Solve the following equations by formula : 

1. 4a;2-7a;=-3. 6. 8a:2+2a?=3. 

2. 9 1*2+22 w=-8. 7. 3<'-2<=40. 

3. 8<2+10<=3. 8. mH7m=18. 

4. 3'u2-8t;-3=0. 9. 28a;2-a:-15=0. 

5. 12=23^-5^2. 10. 5a:2-17a;+6=0. 

234. The formula in §233 is important in determining 
the nature of the roots of a quadratic equation, also in de- 
termining the relation between the roots and the coefficients 
in the equation. 

In ax^-^rhx-^rC'^Oy 

, „ -6+\/fe2-4ac -fe->/62-4ac 
by § 233, x= 2^ or -• 

Call the first root ri and the second r2. 

I. If 62— 4 ac h positive^ 

rj and r^ are real and unequal. 
Ex., ar^-2a:-8=0, 62-4ac=4+32=+. 

Solving, a;=4or— 2. 

See Figure 1, Plate III. 

II. If 62-4a^0, 

Ti and r^ are real and equal* 
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Solving, x^l or 1. 

See Figure 2, Plate III. 
III. If 6'— 4 oc 18 negative^ 

Ti and r, are imaginary (§218). 
Ex., x^-2 x-\-3=0, 6*-4ac=4-12. 

Solving, a;=^^y3^=l + \/^orl-\/^. 

See Figure 3, Plate III. 

The intersection of the curve with the a;-axis is imaginary. 

Imaginary roots always occur in conjugate pairs (§ 214). 

Note that these three equations differ only in the third 
terms and that this difference seems to have the effect of 
raising or lowering the curve with respect to the a;-axis. 

Adding the values of ri and rg, in 

_ -6+V6'-4ac _ -6-V6'~4ac 
2a 2a 

we have ^i +^8= -;:; — = — • 

2a a 

Finding their product, 

^^2=— -^7^ ^ ($89)=-— = -. 

2 a 4 a^ a 

Hence, if a quadratic equation is in the form 

aa5*+ftaj + c=0, 

the sum of the roots equals minus the coeffloient of a? 
divided by the coeffloient of a;', and the product of the 
roots equals the independent term divided by the coeffi- 
cient of (K^. 

1. Find by inspection the sum and product of the roots of 

3x2^7 a:- 15=0. 

7 —15 

The sum of the roots is - , and their product — — - , or —5. 

O «J 

2. One root of the equation 6ar^-f31 a:=--35 is — |; find 
the other. 
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The equation cjan be written 6 x'+31 a;+35=0. 

31 
Then, the sum of the roots is • 

Henoe, the other root is —- — |— -j,or 1--, or — -• 

6 V 2/ 6 2 3 

We may also find the other root by dividing the product of the roots, 

35 . -7. 
6'^ 2 

We may find the valaes of certain other expressions which 
are symmetrical in the roots of the quadratic. 

3. If r^ and r^ are the roots of aa?^+&^+c=0, find the value 
of ri'+nra+ra^ 

We have, r^ + rf^ + r^ = (r^ + rg) ' — r^^, 

b c 

But, ^1+^2= — f and r,rn= — 

Whence, r.^+r.r^+r^^^ ^ _ £ = ^!l^. 

4. Determine by inspection the nature of the roots of 

2a;2-5a:-18=0. 

Here a=2, 6= -5, c=--18; and 6^-4 ac=25+ 144 = 169. 
Since 6'— 4 ac is positive, the roots are real and unequal. 
Since 6'— 4 ac is a perfect square, both roots are rational. 

KKEBCISE 104 

Find by inspection the nature of the roots, the sum and 
product of the roots, and construct the graph of each of the 
following 8 problems : 

1. a?H8 07+7=0. 5. x^i-2xi-4=0, 

2. a;2-a:~20=0. 6. Qaj^+e a;~l=0. 

3. 4x^-x-5=0. 7. 9a:2+6a:+l=0. 

4. 6x^+x=0. 8. 25a:^~4=0. 
9. One root of a:^+7 a:=98 is 7 ; find the other. 

Note that your definitions §§ 39, 60 are involved in these examples. 

10. One root of 5 x^— 17 a;+6=0 is ^ ; find the other. 

11. Is 5 a root of a:'+5 a;+5=0? 
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If Vi and r-i are the roots of ax^+bx+c^^O^ find the values 
of: 



ri^+r^^ 1,1 1^1 

12. -i ^. 13. -+-. 14. — +— 

''1^2 ''1 ^2 '"i ^2 

i5» ?'i +^2 • [Hint: (x+yY+ix—yy contains but two terms.] 



EXSBCISE 105 

Solve the following equations by the method which seems 

best adapted to the example under consideration, verifying 

each result : 

(In solving any equation, we reject any solution which does not 
satisfy the given equation.) 



I. 4t^+3t=10. 

2..49a;2-|-49x+10=0. '^ y + 

3. 5A2-|-12/^=-4. IX. ^ tll^l^. 



10. 4 y+ 2^ = 14. 



4. 32i;-48i;2=~3. 

5. 9m2+6m=19. 

6. 2r2-15r==-13. 

7. 12x2 4-5 a:+ 1=0. M 



5—2 z 4 
12. V3+a;-a:2=2a;-3. 



13. i^5H-Tl = >/3«+l+2. 
a;-2 x+A 7 



x-\-5 x—3 3 
8. 10-21 k- 10 *;'=0. (Compare Ex. 19, Exercise 56.) 

^ 2^+3 2^+9 ^ ^ a:+l x+S 8 

8+< 3<+4 a?+2 a:-h4 -3 

^ 2aT2+3a:-5 3a;H4a;-l 



2a;2-a;-l 3a;2-2a;+7 

2<2-4<-3 _ <2~4<-h2 
2<2-2<+3 <2_3^_|_2' 



17. 



m'-4 3(m-f2) 2-m 

19. \/8y+7 = V4y+3 + V2y-|-2. 

20. -H -H x=«J« 

07—1 07—2 07—3 

(Compare Ex. 14.) 
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21. (a;-2)(a:+3)(a:-4)=0. 23. x^+x+1^0. 

22. (a:-3)(2a:2 + 13a:+20)=0. 24. a?»=l. 

. 1 _L 1 1 7 

25. -H = — • 

l-t"" 1+t l-t 8 

1 3 5 



26. 3- 



x+2 2(2ar-3) (a:+2)(2a:~3) 



^ a:+l , x+2 2a:+13 
27. ■ 1 ■ — = 

x—1 x—2 x+1 
28. <'= — 8. (The roots are the three different cube roots of —8. 
Compare Ex. 24.) 

\/v Vv+2 5 



29. 



— — __ — " • 

\/v-^2 Vv ^ 



2 . 2 mH3m-16 
30. 1 = • 

m— 2 m— 5 m^— 7m+10 

31. a;^+aa;--6a:— a6=0. 

We may write the equation x*+ (a — b)x=:ab. 

Multiplying both members by 4 times the coefficient of x', 

4 j:*+4(a— 6)a;=4 06. 

Adding to both members the square of a— 6, . 

4a;'+4(a-6)aj+(a-6)*=4a6+a'-2a6+62 

Extracting square root, 2x+(a—b) = ±(a+b). 

Or, 2x=-(a-6)±(a+6). 

Then, 2 a;= -a + 6+a+6=2 6, 

or 2x=—a+b—a — b=—2a. 

Whence, a; =6 or —a. 

If several terms contain the same power of x, the coefficient of that 
power should be written in parenthesis, as shown in Ex. 1. 

For the solution of literal affected quadratic equations, 
the methods of § 232 are usually most convenient. 

The above equation can be solved more easily by the method of § 103 ; 
thus, by § 101, the equation may be written 

{x+a)(x-b)=0. 

Then, ar+a=0, or x— — a; 

and X'-b=Ot or x=b. 

Several equations in Exercise 105 may be solved most easily by the 
method of § 103. 
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32. Solve the equation (m— l)a:*— 2m'a:«— 4m^ 
Multipl3riDg both members by m — 1, and adding to both the square 
ofm\ (m-l)V-2m'(m-l)a;+m*— -4m'(w-l)+m* 

Extracting square root, (m— l)aj— m'=± (m* —2m). 
Then, (m— l)x=m^+m'— 2 m or w'— m* + 2 w 

=2m(m— 1) or 2 m 

Whence, x=2mor ^^ 



m — 1 

33. a:'— rwa?=m^; solve for x. 
34« x^— rwa?=m'; solve for m. 

Solve the following for x : 

35. a:'— 2aa:==— 6a+9. 38. a:'— m'ifcic+mifc*a:=m'ifc*. 

36. ar'-(a-6)x-a6. ^^ V^Ti-v^= 2^. 
37' a:'+na:-|-a:=--w. Va+a: 

m 

40. (a+fe)a:H(3a+fe)a;=-2a. 

41. Va:— a-h V^2 x+S a=5 a. 
Solve for t : 



42. V5a+7+V5a-«=2\/i. 43. ^<'-v^7Tl=<-l. 



44. V<+9 a+V25 a-^=\/2 <+32 a. 

45. iS = PJ<+igr<2 

40. = 1. 47. =— . 

l-at l+at t + b t+a 2 

(Compare Ex. 14.) 

48. Solve for 0: t=7r\-' 

9 

49. Solve for s : F=v^2 gs. 

- c 1 * «« 2n— 3 a . 3n-fa 10 

50. bolve for n : 1 ■ — = — - 

3n+a 2n— 3a 3 

51. Solve for n: S= -[2 a+(n— l)d]. 
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FBOBLEMS INVOIiVING QUADRATIC EQUATIONS WITH 

ONE UNKNOWN NUMBEB 

235. In solving problems which involve quadratic equa- 
tions, there will usually be two values of the unknown num- 
ber ; only those values should be retained which satisfy the 
conditions of the problem. 

1. A man sold a watch for $21, and lost as many per cent 

as the watch cost dollars. Find the cost of the watch. 

Let a; = number of dollars the watch cost. 

Then, a; = the per cent of loss, 

and X X — — » or —--= number of dollars lost. 

100 100 

By the conditions, -— - = x — 21 . 

^ 100 

Solving, «= 30 or 70. 

Then, the cost of the watch was either $30 or $70; for either of these 

answers satisfies the conditions of the problem. 

2. A farmer bought some sheep for $72. If he had bought 
6 more for the same money, they would have cost him $1 
apiece less. How many did he buy ? 

Let n= number bought. 

72 
Then, — = number of dollars paid for one, 

n 

72 

and = number of dollars paid for one if 

^ there had been 6 more. 

By the conditions, — = + 1 . 

^ n n+6 

Solving, n=18or— 24. 

Only the positive value is admissible, for the negative value does not 
satisfy the conditions of the problem. 

Therefore, the number of sheep was 18. 

If, in the enunciation of the problem, the words *' 6 more " had been 
changed to " 6 fewer," and " $1 apiece less " to " $1 apiece more," we 
should have found the answer 24. 

3« If 3 times the square of the number of trees in an 
orchard be increased by 14, the result equals 23 times the 
number ; find the number. 
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Let X = number of trees. 

By the conditions, 3 «H 14 =23 a?. 
Solving, a;=7 or f . 

Only the first value of x is admissible, for the fractional value does not 
satisfy the conditions of the problem. 
Then, the number of trees is 7. 

4. If the square of the number of dollars in a man's assets 

equals 5 times the number increased by 150, find ihe number. 

Let 2;snumber of dollars in his assets. 

By the conditions, a;' = 5 x + 150. 

Solving, a; = 15 or— 10. 

This means that he has assets of $15, or liabilities of $10. 

IBXSBCISE 106 

Verify all results. 

1. What number added to its reciprocal gives ^? 

2. Divide 17 into two such parts that three times the square 
of the greater shall exceed twice the square of the less by 115. 

3. Find three consecutive numbers such that if the square 
of the second number be subtracted from the sum of the 
squares of the first and third, the remainder will be 38. 

4. The sum of two numbers is 3 and the sum of their 
cubes is 7 ; find the numbers. 

5. Two rectangles have their corre- 
sponding sides in the ratio of 5 to 2. In 
the greater the ratio of the length to the 




breadth is ^. The area of the greater is 375 ; find the area of 
the less. 

6. A farmer bought a certain number of sheep for $300. 
Having lost 7, he sold the rest for $2 a head more than they 
cost him, and gained $44. How many did»he sell? 

7. A rectangular field is twice as long as it is wide. If 20 
rods were subtracted from the length and the same amount 
were added to the width, the field would be square and would 
contain 22j acres. Would this change decrease or increase 
the area of the field ? 
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8. A fast train's schedule from New York to Chicago is 
12 miles an hour faster than a slow one, and requires 5 less 
hours to travel 960 miles. Find the rate of each train. 

9* If the product of three consecutive numbers be divided 
by each of them in turn, the sum of the quotients is 107; 
find the numbers. 

ID. The area of a trapezoid is equal to the product of one- 
half the sum of the parallel sides and the b c 

altitude. Find the sides and altitude of ^ n. 
trapezoid A BCD in which AD is 8 feet ^ e d 

more than BC^ and £!B 2 feet less than BC^ the area being 
55 square feet. Are there two such trapezoids ? 

11. A merchant sold a bill of goods for $24, making as 
m^y per cent as the goods cost dollars. Find the cost. 

12. Find two numbers whose difference is 4, and the differ- 
ence of whose cubes is 3088. 

X3. The area of a certain square field exceeds that of an- 
other square field by 1008 square yards, and the perimeter of 
the greater exceeds one-half that of the smaller by 120 yards. 
Find the side of each field. 

14. A and B set out at the same time from places 247 
miles apart, and travel toward each other. A's rate is 9 
miles an hour ; and B's rate in miles an hour is less by 3 
than the number of hours at the end of which they meet. 
Find B*s rate. 

15. A man buys a certain number of shares of stock, pay- 
ing for each as many dollars as he buys shares. After the 
price has advanced one-fifth as many dollars per share as he 
has shares, he sells, and gains $980. How many shares did 
he buy? 

16. The two digits of a number differ by 1 ; and if the 
square of the number be added to the square of the given 
number with its digits reversed, the sum is 585. Find the 
number. 
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17. A merchant sold two pieces of cloth of different qual- 
ity for $105, the poorer containing 28 yards. He received for 
the Bnfiv as many dollars a yard as there were yards in the 
piece ; and 7 yards of the poorer sold for as much as 2 yards 
of the finer. Find the value of each piece. 

18. In a circle with centre at C, the tan- n 
gent PT is Si mean proportional between 
the whole secant PD and the external part 
PJE. If the tangent is 8, and the diameter 
BD is 12, find PE. 

zQ. A and B gained in trade $2100. A's money was in the 
firm 15 months, and he received in principal and gain $3900. 
B's money, which was $5000, was in the firm 12 months. 
How much money did A put into the firm? 

20. The formula for the volume of the frustum of a cone is 
V=l TT A(^IP'\-r^-\-Rr)^ in which r is the radius of the upper 

base, li the radius of the lower base, A the 
altitude and V the volume. If F=872 w, 
r=10and ^=6; find R. 

21. A square garden plot containing 
144 square -feet has two walks of equal 
width intersecting at right angles to each 
other and to the sides of the garden. 
The area of the walk is one-half the area 

of the entire square; find the width of the 
walk. 

22. A square piece of tin is to be made 
into a' rectangular box by cutting a square 
out of each corner and folding up the sides. 
The pieces cut out are 6 inches square; 
the volume of the box, 1944 cubic inches. How large was 
the sheet of tin ? If a cubical box had been cut from this 
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sheet of tin, would its volume have been greater or less than 
that of the first box formed ? 

23. In a right-angled triangle, ABG^ one 
side is 5 more than the other, and the hypote- 
nuse is 5 more than the longer side. Find 
the dimensions. Draw diagram explaining 
your solutions. 

24. If a body is thrown downward with an initial velocity, 
Vo9 then the space it passes over in t seconds is found to be 
^ven by the equation 

« 

A stone was thrown downward with a velocity of 40 feet 
per second from a balloon a mile high; g is 32.15. How 
many seconds elapsed before the stone reached the earth ? 

25. In the equation F=--— , M and m represent the 

masses of any two attracting bodies, as, for instance, the 
earth and the moon, d represents the distance between these 
bodies, and F the force with which they attract each other. 

If the moon had twice its present mass and were twice as 
far from the earth as at present, how much greater or less 
would the force of the earth's attraction be upon it than at 
present? 

26. In the equation JS=^ mi;', E represents the energy of 
a moving body, the mass of which is m and the velocity is v. 
Compare the energies of two bodies, one of which has twice 
the mass and twice the velocity of the other. 

27. When a bullet is shot upward with a velocity, v, the 
height, 5, to which it rises is given by the equation 

v=V2gS. 

Find with what velocity a body must be thrown upward to 
rise to the height of the Washington monument (555 feet). 
(See Problem 25, Exercise 99.) 
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236* Equations in Quadratic Form. 

An equation is said to be in the quadratic form when it is 
expressed in three terms, two of which t>ontain the unknown 
number, and the exponent of the unhnown number in one of 
these terms is twice its eooponent in the other; as, 

a;«-6a?*«16; a?Ha:*- 7*2=0; etc. 

In equations in quadratic form, the simplest method for the 
beginner to apply is to let some letter represent the lowest 
power of the unknown quantity in the given equation. 

1. »•— 6a?'=16. Lety=a;'. 

Then, y»-6|/-16=0. 

Whence, y = 8 or — 2, 

a:'=8or-2, 

x=2oT -'i/2. 
Verify these roots. 

2. 2 ar+3VS=27. Let y=a:* or V^. 

Then, 2t/'+3t/=27, 

(2t/+9)(i/-3)=0, 

2/=3or-|. 
Vx-3or -|r 

Q^ 81 
x=^9 or — • 

4 
Verify these results. 

3. 2 «-«-35 «-*-f48=0. Let x^s-\ 

Then, 2 x*-35 a;+48=0. 

3 
Whence, x = 16 or - 1 

«-* = 16or -, 
2 

i=16or ?, 
s* 2 

8*=^ or ?, 
16 3 

8=± 



1 . */2 
or ±-%/- 

2 \3 
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KZXBOISi: 107 

1. z*-29 z»= - 100. 5. 2 x-'+61 ar-^-96=0. 

2. y-+19y-'-216. «. 32x'+i = -33. 

4. m»-3m*=88. 8. 4V^+6=11V^2 

10. (5m+12)-5(5m+12)*=-4. 

FACTORING 

237. Factoring of Quadratic Expressions. 

A quadratic expression is an expression of the form 

In § 94 we showed how to factor certain expressions of 
this form by inspection ; we will now derive a rule for fac- 
toring any quadratic expression ; we have, 

QX^-\-hX'\-c=a{x^-\ h - 

V 2a 2a A 2a 2a 

by § 89. 
But by §233, the roots of aa;^ + 6a;+c=0 are 

j and • 

2a 2a 2a 2a 

Hence, to factor a quadratic expression, place it equal 
to zero, and solve the equation thus formed. 

Then the required factors are the coefficient of x^ in 
the given expression, x minus the first root, and x minus 
the second. 
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1. Factor 6a?*+7a?-3. 

Solving the equation 6 x^+7 x-3=0, by §233, 

^^ -7zbV49 + 72 _-7±ll_l ^r_3. 
12 12 3 2 

Then, 6 x*+7 x-Z=6fx-^fx+^ 

2. Factor 4+13 X- 12 a:*. 

Solving the equation 4+ 13 a; -12 a;' =0, by §233, 

^_ -13±Vl69 + 192 _ -13±19 1 4. 

^^ -24 -24 4 3 

Whence, 4+13 a;-12 a;»= - 12^x+ 1)(«- 1) 

=,(..!)x(-s)(.:g 

= (l+4x)(4-3a;). 

3. Factor 2 a:*-3an/-2y*-7a?+4y+6. 
We solve 2a;»-a;(3y+7)-2 j/«+4y+6=0. 

By §233, ^^ 3y+7±V(3y+7)'-fl6y'-32y-48 



_ 3v+7±\/25y»+10y-H _ 3y+7±(5y+l) 

4 4 

= 8idL8 or =2^=2y+2or =ip. 

Then, 2 x*-S xy-2 y*-7 a;+4 y+6 

=2[x-(2y+2)]|^x-^^J 

= (a;-2t/-2)(2a;+y-3). 
SXEBCISE 108 

Factor the following : 

1. 4a:=^-12a?-7. 4- <'+< + !. 

2. a:2+a;-12. 5- 6/2+3/+2. 

3. 25 ar^- 10 a;- 11. 6. 36m2-5m-l. 
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7. 20a;2-13a? + l. lo. 6-c-2c^ 

8. aH2a+2. ii. 8i;H18i;-5. 

9. x*+x, X2. o'-f4a+l. 

13. a'+a6-6 6Ha+13 6-6. 

14. 2 x^^xy^y^+Sx+Sy—2. 

15. 2a;^— 4 a?y+a?— 6 y* 4- 13 y— 6. 

16. 6aH7ot-4a~3 6H5 6-2. 

238. We will now take up the factoring of expressions of 
the forms x^+axi*y^+y\ or a?*4-y*, when the factors involve 
surds. (Compare § 96.) 

1. Factor a*+2 a'6H25 6*. 

a* + 2 o«6» + 25 6* = (a* + 10 a«6» + 25 6*) -8 a*6» 

= (a»+5 6»)»-(a6\/8)«j 
= (a»+5 6'+a6V8)(a«+5 6«-a6V§) 
= (a»+2 a6V2+5 6»)(a'-2 a6V2+5 6»). 

2. Factor x*+l. 

a;*+l = (a;*+2a;»+l)-2«» 

= (x*+x\/2 + l)(a;»-a;\/2 + l). 
EXEBGIBE 100 

In each of the following obtain two sets of factors, when 
this can be done without bringing in imaginary numbers : 

I. x*-7a?'+4. 4. 4a*+6oH9. 

2 a*-h6*. 5. 36x*-92a:H49. 

3. 9m*-llmHl. 6. 25 m*+28mV+16n*. 

Solv^ the following : 

7. a?* +1=0. (The three roots are the three different cube roots 
of -1.) 

8. a:*+2a;H4=0. 9. a:*+8x=0. 

10. Find the three different cube roots of 27. 

(Compare Ex. 24, Exercise 105.) 
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XV. SIMULTANEOUS QUADRATIC EQUATIONS 

239. On the use of the double eigne ± and =F- 

If two or more equations involve double signs, it will be 
understood that the equations can be read in two ways ; first, 
reading all the upper signs together ; second, reading all the 
lower signs together. 

Thus, the equations a:= ±2, y= ±3, can be read either 

a:=+2, y=+3, or a;=-2, y=-3. 

Also, the equations x^ ±2, ^= T3, can be read either 

ar=-|-2, y=-3, or ar=-2, y«+3. 

240. Two equations of the second degree (§ 75) with two 
unknown numbers will generally produce, by elimination, an 
equation of \AiQ fourth degree with one unknown number. 

Consider, for example, the equations 

xHy=a. (1) 

a?+y^=6. (2) 

From (1), y=a— a?*; substituting in (2), 

an equation of the fourth degree in x. 

The methods already given are, therefore, not sufficient for 
the solution of every system of simultaneous quadratic equa- 
tions, with two unknown numbers. 

In certain cases, however, the solution may be e£Eected. 
In the present work we shall consider only five simple types. 

241 . Type I. When one equation is of the second degree^ 
and the other of the first* 

Equations of this kind may be solved by finding one of 
the unknown numbers in terms of the other from the first 
degree equation, and substituting this value in the other 
""-nation. 



{ 




The points A and B are tlie only points common to both curves. 
Tbeir coardiuatcs, (4, 4) and (1, —2). satisfy both equations and corre- 
spond to the two algebraic solutions. 

In general tliere are two solutions of a quadrntic equation and linear 
equation in two unknown quantities. 

PLATE IV 
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Ex. f y'=4- (1) 



|y-2a:==-4. 



(2) 

From (2) y = 2a:-4. (3) 

Substituting in (1), 4a;»-16«+16=4a:, 

4a;*-20x+16=0, 

whence, x=4 or 1. 

Substituting in (3) , 2/ — 2 a; - 4 

=8-4, or 2-4 

=4, or -2. 

The solution isa;=4, y=4; ora; = l,y=— 2. Verify by substituting 
in the given equations. The graphs of these equations are given in 
Plate IV. 

242. Type II. When the given equations are symmetrical 
with respect to x and y ; that is, when x and y can he inter- 
changed without changing the equation. 

Eiquations of this kind may be solved by combining them 
in such a way as to obtain the values oix-k-y and x—y. 

(1) 
7. (2) 

Multiply (2) by 2, 2 a^ = - 14. (3) 

Add (1) and (3),. a;»+2a^+y»=36, or a; + y= ±6. (4) 

Subtract (3) from (1), x^-2 xy-^y^^Q^, or x-y^ ±8. (5) 

Add (4) and (5), 2 a;=6±8, or -6±8. 

Whence, a:=7, —1,1, or —7. 

Subtract (5) from (4), 2 j/=6T8, or -6=F8. 

Whence, y= — 1, 7, —7, or 1. 
The solution is x= ±7, y==Flj or, x= ±1, y = T7. 

Verify by substitution. 

In subtracting ±8 from 6, we have 6T 8, in accordance with the nota- 
tion explained in § 239. 

In operating with double signs, ± is changed to T, and T to ±, 
whenever + should be changed to — . 

The graphs of these equations will be found on Plate V. Note the 
synunetrical arrangement of the points of intersection. 



fix. Solve the equations [^'+y*-50. 

I xy=-7 
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243. Type III. WTien one equation is of the third degree 
and the other is of the first degree. 

Certain forms of systems of first and third degree equa- 
tions may be reduced to Type I or Type II by dividing one 
equation by the other. 

Ex. ja:-4.y»=18. (1) 

lx+y=3. (2) 

Dividing (1) by (2), a;»-x2/+y*=6. (3) 

Use Type II, squaring (2) and subtracting the result from (3), 

-3ajy=-3. 
-xy^-ir (4) 

Adding (4) to (3), x»-2 ajy+y»=5. (5) 

x-y=±\/5. ^ (6) 

Solving (6) and (2) by addition and subtraction : 

3-fV5 ^, 3--\/5 

2SS y or — f 

2 2 

z-y/l 3+V5 

^ 2 ' 2 

The solution is x=^^, J/=^^, or 

3--n/s „_3+V5 

X 2—' J' 2— 

Verify by substitution in the given equations. 

244. Type IV. When ecuih equation is in thejfbrm 

In this case, either x^ or y^ can be eliminated by addition 
or subtraction. 

I. Solve the equations 1 ^^"^ 4y»=76. (1) 

^ {Zf-nx"^ 4. (2) 

Multiply (1) by 3, 9 a;»+ 12 y««228. 

Multiply (2) by 4, 12y»-44a;»:« 16. 

Subtracting, 53x^=s212. 

Then, a;*=:4, and a:« ±2. 

Substituting a;= ±2 in (1), 12+4 2/»=76, or 4 y»=64. 

Then, y* = 16, and y= ±4. 

The solution is x=2, y= ±4; or, a;=s —2, ys= ±4. 
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In eqnation (1) since both n^ and y appear only la the second power, 
tlie donble sign occurs in each substitution, so tbat for every pnir of 
numerical values we obtain four points on the curve. E. g. (±1, ±7) 
gives tlie tour points A, B, G, B. The graph of equation (2) is in two 
brwichea. (See Ex. 4, J 845.) In general two equations of the second 
degree In two unknowns give four solutions. 
PLATE V 



c 





0! 



2. Solve the equations J 
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In this case there are four possible sets of values of x and y which 
satisfy the given equations : 

1. a;=2, ya:*4. 3. a;=-2, y=4. 

2. x=2, y= -4. 4. x= -2, j/= -4. 

It would not be correct to leave the result in the form x = ±2, y = ±4, 
for this represents only the first and fourth of the above sets of values. 

The method of elimination by addition or subtraction may 
be used in other examples. 

x^-iy=i7. (1) 

a:2+6y=33. (2) 

Multiply (1) by 3. 9 a:* -12 y = 141. 

Multiply (2) by 2, 14a;^4-12y= 66. 

Adding, 23x^=207. 

Then, x*— 9, and a;=±3. 

Substituting x= ±3 in (1), 27— 4 y =47, and y= —5. 

It is possible to ehminate one unknown number, in the above exam- 
ples, by avbstitvUon (§ 157), or by comparison (§ 168). 

245. Type V. When each equation is of the second de- 
gree, and homogeneous ; that is, when each term involving 
the unhfuyfjon numbers is of the second degree with respect to 
them (§ 59). 

Certain equations of this type can be solved by the methods 

of §§ 242 and 244. The method of Type V should be used 

only when the example cannot be solved by Type II or 

Type IV. 
^;«. Solve I ^;~2 0:^=5. (1) 

{x^^ y2=29. (2) 

Dividing (1) by (2), ^^=^ = A, 

x*-¥y^ 29 

or 29 a;*— 58 xy= 5 a;* +5 2/'. 

Then, 5^* + 68a;2/ -24a;*=0, or (5y-2a;)(2/+12a;)=0. 

2 X 
Solving for y, y = -r- , or — 12 x. 

5 

Substituting these values in (1) we have 

a;*- ^=5, or a;*+24x*=5. 
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Whence, 



a;~±5, or x=db — 7=* 

vs 

z=^ ±5 was obtained through 

2 X 
y= ---, whence y= ±2. 

5 

x=± — rr was obtained through 

V5 

12 
y = — 12 X, whence y= T 



The solution is 



X- 



±5,2/= ±2, or a;=± 



y=T 



12 

V6 



BXIBBCISB J.10 



r3a? 
• [dx 

(3x 



5. 



3a?H2y2= 66. 

3a:-5y' = -116. 
4-4y2 = 121. 

a:-fy=8. 

f4/*+w'= 61. 

<3+6w2=159. 

3-y8 117. 



13 



ii +5 =3. 



15 



z6 



■I 

' \L-M=\. 

txy=25. 
' \x+y=lO. 

f»y=24. 
■ |2a;-«=8. 



y 

-6«*-206. 

<» + 9«»r-136. 



6. (-'-y'=-ll 
I a; -y =-3. 

far+y=2. 
^- la^=-15. (Type II.; 

•■I 



f4A'+ 7P=32. 
'• |3fe'-llifc» 41. 



x8. 



3 2 
2x Sy 



10 



II 



•{ 



19, 



17HA» = 



289 
36 



?^= 



10 



z^+v^=122, 
z -{-v =-10. 

(x^+k^=26, 

w— v= 4. 
2 wi;=42. 

riJ2 4-52:= 45. 
• |fl-S = 3. 

21. From v = gt and iS= -gf<^ find v in terms of S and g. 



{ xy=ab. 
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aa. FromC=^andEC=— ,fiDd/fintermsotC,fi,and(. 

13- From E = FS, F=ma, 5=^0*=, and v=at, 6nd E io 
terms of m and v. 

,^ I^'+!("-25. ^j fp'+m-6,--25. 

\x^—xi/= 4. lp'+4 9'=40. 



246. I. Consider the equation x^+y^'^25. 

l^iiB means that for any 
point on the graph, the square 
of the abecisaa, plus the square 
of the ordinate, equals 25. 

But the square of tlie ab- 
scissa of any point, plus 'the 
square of the ordinate, equals 
the square of the distance of 
the point from the origin; for 
the distance is the hypotenuse 
of a right triangle, whose other 
two aides are the abscissa and 
ordiuat«. Then the square of 
the distance from , of any 
point on the graph is 25; or, 
the distance from O of any ng. i. 

point on the graph is 5. 

Thus, the graph is a circle of radius 5, having its centre at O. 

(The graph of any equation of the form x'+y^=a is a circle.) The 
grai^ of (1) Plate V is a circle. 

3. Consider the equation y^'=i x+4. 

If 1=0. y'=4, orj(=±2, (A. B) 

n*=l. y^=8,OTy=±2V2. (.C, D) 
If i=-l, y =0. Etc. (E) 

The graph extends indefinitely to the right of YY'. (Fig. 2.) 

If xis negative and < — 1, y' is negative, and therefore y imaginary: 
then, no part of the graph lies to the left of B, 
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(The graph of Ex. 2 is a 
parabola; as also is the graph 
of any equation of the form 
y*=ax or y'=aa;+6. The 
graph of (1) § 241 is a para- 
bola.) 

?. Consider the equa- 
tion a:*+4y'=4. 

,In this case it is con- 
venient to first locate the 
points where the graph in- 
tersects the axes. (Fig. 3.) 

Ify=0. a:«=4, 

ora;=±2. (-4,^0 
If a;=0, 4y»=4, 

ory=±l. (B, BO 
Putting a;=±l, 4 2/»=3, 

y'=|,ory=±^. 
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Fig. 2. 
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Fig. 3. 

. If X has any value >2, or < — 2, y' is negative, and y imaginary ; then, 
no part of the graph lies to the right of A, or left of A\ 
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If yhaa any value >l,or< — I,i' 
no part of the graph Ilea above B, o 

(The graph of Ex. 3 is ait ellipte ; 
of thefoimax'+by^=c.) 



Lb negative, and x imaginary; then, 
below B'. 
IS also is the graph of any equation 



. T ' - , 


^y i ,' 


vi ^ 


..a? . : •<: ; 


-_ ^ ZI 


■ "-r -,^ 


' sii .7 


S z ^ 


i-- ' -'■ «- -X. i 




--. X J 5 j_ _ 


T 2 ^ 
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4- Consider the equation x^~2y'=l. 

Here ^>^i=2y'.oT y'=^- 

If «=±X, !/'=0,ory=0. (X', /I) (Fig. 4.) 

If X has any value between 1 and — l.y'ia negative, and y imaginary. 

Then, no part of the graph lies between A and A'. 

If x=±2,y'=' 



^4- 



(B, C, B', CO 



The graph has two branches, SAC and B'A'C, each of which extends 
t^ an indefinitely great distance from 0. 

(The graph of Ex. 4 is a hyperbola ; as also is the graph of uiy equation 
of the fonnai'-in/"=':.or JH=a.) The graph of (2) Plate V is a 
hyperbola. 

[SB 111 



Find the graphs of the foUowing sets of equations, and in each case 

tenfs the points of intersection by comparing with the algebraic solution: 

f3:*+4y*=4. j x'—Ay=~7. 
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^' [xy^lO. ^' I a;+2y=-2. 

^' l3a:-y=8. * |4a;-9y=6. 

247. In solving problems which involve simultaneous equa- 
tions of higher degree, only those solutions should be retained 
which satisfy the conditions of the problem. 

BXIBBCISES 112 

1. The sum of the squares of two numbers is 34 and their 
di£Eerence is one-fourth of their sum. What are the numbers? 

2. The sum of the squares of two numbers is 52 and their 
product is 24 ; find the numbers. 

3. The sum of the sides of a triangle, ABC, is 18 inches. 
The sides AB and BC are equal, and the 
side ^C is 17 less than the square of the 
side BC. Find the length of each side. ^'^ ^c 

4. In a number consisting of two digits, the first digit is 
equal to the square of the second, and if 5 times the first 
digit be divided by 3 times the second, the quotient is f less 
than twice the second digit ; find the number. 

5. If the length of a rectangular field were increased by 2 
rods and its width diminished by 3 rods, its area would be 
70 square rods ; and if its length were decreased by 2 rods 
and its width increased by 3 rods, its area would be 110 
square rods. Find the length and width. 

6. A tangent TP is a mean proportional _ t_ sVS 
between the whole secant DP and the ex- 
ternal segment EP. If EP equals the 
radius of the circle and TP is 3V3, find 
the area of the circle. 
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7. The perimeter, a-f 6-f c-f d, of a rect- 
angle is 36, and the area of the rectangle is 
80. Find the aides. 

« 8. A farmer bought 15 cows and 20 sheep 
for $720. He bought 3 more cows for $320 
than he did sheep for $30. Find the price of each. 

9. The sum of the numerator and denominator of a frac- 
tion is 7. If the numerator be diminished by 1, and the de- 
nominator be increased by 1, the product of the resulting 
fraction and the original fraction is -^. Find the fraction. 

10. If 7 be added to the numerator of a fraction the value 
of the fraction becomes 7. If the square of the denominator 
be subtracted from the square of the numerator the result 
is 7. Find the fraction. 

zz. The area of a triangle ABC is one- 
half the product of the base, AC^ and the 
altitude, DB. The area is 48 square feet 
BC is 10 feet and its square is equal to 
the sum of the squares of BD and DC. 
AD=^DC. Find AC and BD. Can more than one such tri- 
angle be drawn? 

■ z2. A triangle ABC has the angles B and C equal. The 
angle A is 60^ more than the square of the number of degrees 
in the angle B. The sum of the three angles is 180°. Find 
the angles. 

13. A travels from C to D. Two hours after he leaves C, B 
starts out to overtake him, traveling 3 miles per hour faster 
than A. Had A traveled 1 mile per hour slower, B would 
have overtaken him 12 miles nearer to C. Find A's rate. 

14. In a triangle with a right angle at 
C, the altitude drawn from C to the hypote- 
nuse is a mean proportional between the 
segments, a and 6, of the hypotenuse. We ^' 
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know also that fiC^* A' +6'. If^C=12, CB-9, and ^^= 
15, find a, 6 and h. 

1$. The sum of two numbers is to their difference as 7 is to 
2. The ratio of their product is to the product of their sum 
and difference as 45 is to 56 ; find the numbers. 

(Is the statement or the solution the more difficult?) 

z6. In a right cone, we know from geometry that 

S^ttRH, 
and r=J^/JM, 

where 5= lateral surface, A = radius of base, 
F''^ volume, ff= slant height, ^= altitude. ^' 
K S=60ir and JET =10, find V. (Remem- 
ber that because of the right angle at Z), H*=-4*+i^^) 

XVI. THE BINOMIAL THEOREM 
FOSITIVIS INTBOBAIi BXPOinDNT 

249. A Series is a succession of terms. 

A Finite Series is one having a limited number of terms. 
An Infinite Series is one having an unlimited number of 
terms. 

250. In §§ 91 and 183 we gave rules for finding the square 
or cube of any binomial. 

The Binomial Theorem is a formula by means of which 
any power of a binomial may be expanded into a series. 

251. Proof of the Binomial Theorem for a Positive Inte- 
gral Exponent. 

The following are obtained by actual multiplication : 

(a-fa:)^=a^+2aa: -fa:'; 
(a-f a:)»=aH3 a*a?-f 3 aa?Hx»; 
(a-fa:)*=a*+4a'a?+6a*a:*-f4oa?'-fa?*; etc. 
In these results, we observe the following laws : 
1. The number of terms is greater by 1 than the exponent 
of the binomial. 
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2. The exponent of a in the first term is the same as the 
exponent of the binomial, and decreases by 1 in each suc- 
ceeding term. 

3. The exponent of x in the second term is 1, and in- 
creases by 1 in each succeeding term. 

4. The coefficient of the first term is 1, and the coefficient 
of the second term is the exponent of the binomial. 

5. If the coefficient of any term be multiplied by the ex- 
ponent of a in that term, and the result divided by the expo- 
nent of X in the term increased by 1, the quotient will be the 
coefficient of the next following term. 

252. If the laws of § 251 be assumed to hold for the ex- 
pansion of (a-f a:)~, where n is any positive integer, the expo- 
nent of a in the first term is n, in the second term n— 1, 
in the third term w— 2, in the fourth term n— 3, etc. 

The exponent of x in the second term is 1, in the third 
term 2, in the fourth term 3, etc. 

The coefficient of the first term is 1 ; of the second term n. 

Multiplyi^g the coefficient of the second term, n, by n— 1, 
the exponent of a in that term, and dividing the result by 
the exponent of x in the term increased by 1, or 2, we have 

^^^ as the coefficient of the third term ; and so on. 

1-2 

Then, (a+a?r=a*'-fna*''^ar-h ^^^""'^^ a"'V 
' ^ ^ .1-2 

, n(n—l)(n—2) - , . , ,-. 

1.2-3 ^ ^ 

Multiplying both members of (1) by a -fa:, we have 

1.2 1.2.3 

1-2 
Collecting the terms which contain like powers of a and x^ 
we have 
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(«+«)»+»- o"+ '+ (n + 1 )a"x + r^^^^ +nlo"- V 

r «(«- l)(n-2) n(n- 1) ] an-2^»+.^ 
I 1-2.3 1-2 J 

=o»+'+(ra+l)a"a;+nr^ + l1a"-'ar» 
, n(n— l)rn— 2 , ,"1 -_, . , 

Then, (o +«)»+'= o»+* + (n + l)o»x + nT^ill'Li— «jt' 

=o"+'+(w+l)a»z+ (!L±J>o»-ia;2 

1.2 

+ ("+^M"-Oo»-V -!■.... (2) 

It will be observed that this result in equation (2) is of 
the same form in 71+ 1, that equation (1) is in n, and equa- 
tion (2) was obtained by multiplying equation (1) by a -fa:; 
which proves that, if the laws of § 251 hold for any power 
of a+x whose exponent is a positive integer, they also hold 
for a power whose exponent is greater by 1. 

But the laws have been shown to hold for (a+x)^, and 
hence they also hold for (a+ar)^; and since they hold for 
(a -I- a?)*, they also hold for (a+xy ; and so on. 

Therefore, the laws hold when the exponent is any positive 
integer, and equation (1) is proved for every positive integral 
value of n. 

Equation (1) is called the Binomial Theorem. 

In place of the denominators 1*2, 1 • 2 • 3, etc., it is usual to write 
[2, [3, etc. 

The symbol \n, read " factorial-n," signifies the product of the natural 
numbers from 1 to n, inclusive. 

The method of proof in § 252 is known as Mathematical Induction. 
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253. Putting a=l in equation (1), § 252, we have 

254. In expanding ezpresdions by the Binomial Theorem, 
it is convenient to obtain the exponents and coefficients of 
the terms by aid of the laws of § 251. 

1. Expand {a-\-xy. 

The exponent of a in the first term is 5, and decreases by 1 in each 
succeeding term. 

The exponent of a; in the second term is 1, and increases by 1 in each 
succeeding term. 

The coefficient of the first term is 1 ; of the second, 5. 

Multipl3dng 5, the coefficient of the second term, by 4, the exponent 
of a in that term, and dividing the result by the exponent of x increased 
by 1, or 2, we have 10 as the coefficient of the third term; and so on. 

Then, (a + x) ^ = a* + 5 a*a; + 10 a»x' + 10 a^x^ + 5ax*-\- x\ 

It will be observed that the coefficients of terms equally distant from 
the ends of the expansion are equal. 

Thus the coefficients of the latter half of an expansion may be written 
out from the first half. 

If the second term of the binomial is negative^ it should 
be written, negative sign and aU, in parentheses before ap- 
plying the laws ; in reducing, care must be taken to apply 
the principles of § 88. 

2. Expand {l-xy. 

(i-x)«=[i+(-x)r 

= l« + 6-l*-(-x) + 15-l*-(-x)2+20-P-(-x)' 

+ 15- P- (-x)*4-6- 1 • (-x)*+(-x)« 
= l-6x+15x*-20x3 4-15x*-6icHx«. 

If the first term of the binomial is an arithmetical number, it is con- 
venient to write the exponents at first without reduction; the result 
should afterwards be reduced to its simplest form. 

4 

If either term of the binomial has a coefficient or exponent 
other than unity, it should be written in parentheses before 
applying the laws. 
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3. Expand (3m*--^)*. 

(3 m>-^n)*=[(3 m») + (-nJ)r 

= (3 my +4(3 m»)»(-nJ)+6(3 m*)\-niy 

+4(3m»)(-ni)»+(-ni)* 
=81 m' - 108 m«nl + 64 m*n'- 12 mVi+nl 

IGXEBCiaiC 113 

1. (c+dy. 5. {ab + c^y, 9. (2a*-5 62)4. 

2. (x-fl)". 6. (x + 3yy. 10. (a-»-2 6*)*. 

3. (a-6)^ 7. (2a~6)^ ii. (a?*-f2 6i)«. 

4. (m-ky. 8. (4/r-f3A:)^ 12. (l-x^y. 

13. (2 a* -f 3 6*)*. 15. (3 X* - -^y 

X4. (2ai + 3a-Jr. ,5. (3 aH-f'^)-. 

255. To find the rth or general term in the expansion of 
(a^-a:)^ 

The following laws hold for any term in the expansion of 
(a-far)^ in equation (1), §252: 

1. The exponent of x is less by 1 than the number of the 
term. 

2. The exponent of a is n minus the exponent of x. 

3. The last factor of the numerator is greater by 1 than 
the exponent of a. 

4. The last factor of the denominator is the same as the 
exponent of x. 

Therefore in the rth term, the exponent of x will be r— 1. 
The exponent of a will be n— (r— 1), or n^r-^- 1. 
The last factor of the numerator will be n— r+2. 
The last factor of the denominator will be r~ 1. 
Hence, the rth term 

_ n(n~l)(n-2)>»(n~r4-2) ^n-r-nj,r-i qn 

1.2.3...(r-l) ■ ^ ^ 
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In finding imy term of an expansion, it is conrenient to 
obtain the coefficient and exponents of the terms by the above 
laws. 

Ex. Find the 8th term of (3 ai-fe-^". 

We have, (3 oi-6-»)"=[(3 oi) + (-6-»)]". 

In this case, n = ll, r=8. 

The exponent of (— 6~0 is 8 — 1, or 7. 

The exponent of (3 a') is 11 — 7, or 4. 

The first factor of the numerator is 11, and the last factor 4 + 1, or />. 

The last factor of the denominator is 7. 

Then, the 8th term« ^^ ' ^^ ' ^ ' ^ ' ^ ' ^ ' ^ (3 a^K-b-y 

1 • 2 • 3 • 4 • 5 • 6 • 7 

= 330(81 o')(-6-') = -26730 a'6-'. 

If the second term of the binomial is negative, it should be written, 
sign and all, in parentheses before applying the laws. 

If either term of the binomial has a coefficient or exponent other than 
unity, it should be written in parentheses before applying the laws. 

BXEBCISE 114 

Find the : 

I. 5th term of (c+dy. 5. gth term of (a""*-f fc-*)^^ 

3. 5thtermof (a?-fl)». ^ .r,^.^ . r/'.*/-! kh'* 

^ . x« ^' l^tb term of I Vm^ ) . 

3. 7th term of (a+2 by. \ 2 J 

4. 8th term of (a'+fc^)". 7. 5th term of (a*- 3 «*)". 

8. 4th term of (c-'-5 cd)". 

0. Middle term of (s aH ^". 

THE METBIC SYSTEM 
LiNEAB Mbasubb 

The standard unit of Linear Measure in the Metric System 
is the Meter. It is determined by taking one ten-millionth 
part of the distance from the earth's equator to either of its 
poles, measured on a meridian. It is equal to 39.37 inches. 



228 ALGEBRA 

The problems ia this book make use of the foUowing sub- 
divisions of the Meter : 

10 Millimeters (mm.) = l Centimeter (cm.) 
10 Centimeters = 1 Decimeter (dm.) 

10 Decimeters == i Meter (m.) 

Measubbs of Wbiqht 

The Gram is the unit of weight. It is equal to the weight 

of a cubic centimeter of distilled water at its greater density. 

The following multiples of the gram are used in problems 

in this book : 

10 Grams (g.) = 1 Dekagram (Dg.) 
iO Dekagrams = 1 Hektogram (Hg.) 
10 Hektograms = l Kilogram (Kg.) 

XVII. HINTS ON CHECKING 

256. It is sometimes desirable to check a result by nu- 
merical substitutions. Any number may be substituted, for 
the letters involved in the problem, but since all powers of 1 
are 1, a substitution of 1 for a letter above the first power is 
not an accurate check. It is best not to use a numerical 
check when other means are convenient. 

In addition : Check : Let o=2, 6=2, c=l. 

a-f26-3c 2+ 4-3 « 3 

~2a- 6 + 5c -4- 2 + 5 = - 1 
-3a-6 6+7c -6-12 + 7 = -11 

9a-4b- c 18- 8-1 = 9 

5a-96 + 8c = 10-18 + 8= 

The horizontal and vertical additions being identical is a fair, not 
an absolute check. 

In subtraction: Check: Leta=6=c=l. 

a+ 26- c= 1+ 2-1= 2 

- 4a+13b+4c =- 4+13 + 4 = 13 

5o-116-5c= 5-ll-5 = -ll 

Or add the difference to the svbtrdhend. The sum ishould be the 
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In 'multiplication : Check : Let a = 6 => 2. 

2a - h 4-2= 2 

3o 4-46 6+8 = 14 

6a2-3a6 

-f8a6-4 6» 



6 a«+5a6-4 6^=24 + 20- 16 = 28 

If the multiplicand and multiplier are homogeneous, the 

product will also be homogeneous, and its degree equal to 

the sum of the degrees of the multiplicand and multiplier. 

The Illustrative examines in { 53 are instanees of the above law; thus, 
in Ex. 2\ the multiplicand, multiplier, and product are homogeneous, 
and of the third, first, and fourth degrees, respectively. 

The student should, when possible, apply the principles of 

homogeneity to test the accuracy of algebraic work. 

Thus, if two homogeneous expressions be multiplied together, and the 
product obtained is not homogeneous, it is evident that the work is not 
correct. 

Multiplication may be checked by using the multiplier as 
the multiplicand and the multiplicand as the multiplier. 

In division: 

The product of the divisor and quotient should equal the 
dividend. If the dividend and divisor are homogeneous^ the 
quotient will be homogeneous, and its degree equal to 
the degree of the dividend minus the degree of the divisor. 

In factoring : 

The product of the factors should equal the given expres- 
sion. 

In fra^ctiom : 

Since fractions involve the four fundamental operations, 
addition, subtraction, multiplication, and division, the four 
checks above given will suffice. 

In equations : 

Reject any root which does not satisfy the given equations. 
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Absoibsa, 122. 

Absolute value, 11. 

Addition, imaglnaries, 133; literal coef- 
ficients, 26; monomiiEkls, 15; polynomi- 
als, 17; posltire and negatire terms, 
11; similar terms, 16; surds, 170. 

Affected Quadratics, 187, 192, 202. 

Aggregation, symbols of, 7. 

Algebraic expressions, 8; addition of, 
14; definition of, 8; division of, 36; 
expansion of, 47; multiplication of, 
28; subtraction of, 14. 

Algebraic symbols, 1. 

Alternation, 112. 

Antecedent, 110. 

Approximate square root, 156. 

Arrangement of terms, 18. 

Axioms, 1, 44. 

Base, 6. 

Binomial, cube of, 166; defined, 17; divi- 
sion of, 57, 68, 70; square of, 58; theo- 
rem, 222. 

Braces, 7. 

Brackets, 7. 

Cancellation of factors, 36, 86, 97; of 

terms, 46. 
Checking, 228. 
Circle, 217. 

Clearing of fractions, 46. 
Coefllcient, definition of, 16, 167; literal, 

26; numerical, 15. 
Common denominator, 90; factor, 71, 76, 

80; multiple, 88. 
Complete divisors, 150. 
Completing square, 192, 196. 
Complex fractions, 101; numbers, 182. 
Composition, 112. 
Conjugate imaginary, 185. 
Consequent, 110. 
Continuation, sign of, 28. 
Continued proportion, HI. 
Coordinates, 122. 
Cube, of binomial, 156; root, 69, 157, 158; 

root of unity, 201, 211. 



Decimal Equations, 117. 

Degree, of an equation, 44; of surd, 167; 
of term, 84; with respect to a letter, 
43. . 

Denominator, of fraction, 86; lowest 
common, 90; rationalize, 177. 

Difference, 20, 58. 

Dissimilar, surds, 170; terms, 15. 

Dividend, definition of, 36. 

Division, binomials, 67, 68, 70; definition 
of, 36; algebraic expressions, 36; of 
fractions, 99; of imaginaries, 185; law 
of exponents, 36; of monomials, 36; of 
polynomials, 37, 38; proportion, 112; 
rule of signs, 35. 

Diyisor, complete, 150; definition of, 35; 
trial, 150. 

Double sign, 146, 212. 

Elimination, 124. 

Ellipse, 218. 

Equality, sign of, 1. 

Equations, clearing of fractions, 46 ; con- 
taining surds, 180; decimal, 117; defini- 
tion of, 1; equivalent, 122; fractional, 
104, 107, 132; inconsistent, 128; inde- 
pendent, 123; indeterminate, 121; in- 
tegral linear, 42, 43, 44, 48; literal, 106, 
120, 129; members of, 1 ; numerical, 42; 
of condition, 43; of identity, 43; prin- 
ciples involved, 44; quadratic, 187; 
quadratic form, 208; root of, 43; satis- 
fied, 43; simple, 44; simultaneous, 121, 
123, 129, 135; simultaneous quadratic, 
212; solution of, 3,45,48, 76, 104, 123; 
Statement of, 48; to verify, 46; trans- 
forming, 45. 

Equivalent equations, 122. 

Evolution, 144. 

Exx>and an expression, 47. 

Exponents, definition of, 6; fractional, 
169; law of, 28, 36; negative, 160; of 
powers, 64; theory of, 158; sero, 160. 

Expression, fractional, 86; integral, 34; 
mixed, 88; quadratic, 209. 

Extremes, 111. 
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Factors and products, 64; common, 35, 
71, 76, 80 ; definition of, 14; hints on, 74 ; 
monomials, 66; quadratic, 208, 211; 
remoTal of, 35, 36, 86, 97; solution by, 
76; (a»— 6«),65; (a»±2a6H-6»),57,68; 
as* 4. (a 4. 6) aj 4- oA, 61 ; (a5» 4- oa; + 6), 
62; (005*4- 6xH-c), 64; (X* 4- oa^ + y*), 
67; (a» ± 6»), 68; (a» ± b^\ 68; {a>x-^ay 
4- a«), 74. 

Finite Series, 222. 

Formula, quadratic, 196. 

Fourth proportional. 111. 

Fractional, equations, 104, 107; expo- 
nents, 159. 

Fractions, addition and subtraction, 92; 
algebraic, 86; clearing of, 46; complex, 
101; division of, 90; multiplication of , 
96; principles of, 86; reduction of, 86, 
88,90; signs of , 85, 89, 92. 

Gram, 228. 

Graph, 10, 78, 122, 129, 187, 194, 193, 199, 
212, 217, 218. 

Highest common factor, 80. 

Hints, on factoring, 74; on solution, 48. 

Homogeneous, polynomials, 34; terms, 

34. 
Hyperbola, 219. 

Imaginary numbers, 182, 188. 
Inconsistent equations, 123. 
Independent equations, 123. 
Indeterminate equations, 121. 
Index, 144. 

Induction, mathematical, 224. 
Insertion of parenthesis, 26. 
Integral, equations, 40,) expressions, 

35. 
Interpretation of solutions, 143. 
Inversion, 112. 
Involution, 144. 
Irrational numbers, 158, 166. 

Law of exponents, division, 35; multi- 
plication, 28 ; powers, 64. 

Literal coefficients, addition and sub- 
traction of, 26. 

Literal equations, 108, 120. 

Lowest common, denominator, 90; mul- 
tiple, 83, 84. 

Mathematical Induction, 224. 
Mean proportional, 111. 
Means, 111. 
Member of an equation, 1. 



Meter, 227. 

Metric system, 227. 

Minuend, 20. 

Monomials, addition of, 16; definition 
of, 14; degree of, 34; division of, 36; 
evolution of, 144; H. C. F., 80; involu- 
tion of, 144 ; L. G. M., 83 ; multiplication 
of, 28; power of, 64; rational and inte* 
gral, 34; root of, 146; subtraction of, 
20. 

Multinomial, 17. 

Multiples, common, 83. 

Multiplicand, 13. 

Multiplication, algebraic expressions, 
27; law of exponents, 28; monomials, 
28; of fractions, 96; of imaginaries, 
184; poljrnomials by monomials, 29; 
polynomials by polynomials, 30; posi- 
tive and negative numbers, 13 ; rule of 
signs, 27. 

Multiplier, 13. 

Negative, exponents, 160; signs, 11. 
Numerical, coefficient, 16; value, 8. 
Numbers, complex, 182; cube root of, 68, 

imaginary, 182; irrational, 158, 166; 

known, 1; negative, 10; positive, 10; 

rational, 166; real, 182; square root of, 

152; unknown, 1, 43. 

Ordinate, 122. 
Origin, 122. 

Parabola, 218. 

Parentheses, insertion of, 25; removal 
of, 24; use of, 26, 26, 32, 33, 41. 

Physics problems, 117, 190, 191. 

Polynomials, addition of, 17, 18 ; arrange- 
ment of, 18; cube root of, 157; defined, 
17; degree of, 34; division of , 35; H. C. 
F., 81; homogeneous, 34; L. C. M., 
83; multiplication of, 30; rational and 
integral, 34 ; square of, 147, 148 ; square 
root of, 148, 149; subtraction of, 22. 

Positive signs, 11. 

Power, arrangement of, 18; of binomi- 
als, 58; of fractions, 144; of imagina- 
ries, 184; of monomials, 54; of num- 
bers, 6 ; of polynomials, 147 ; of powers, 
54; of products, 54. 

Products and factors, 64; power of, 64; 
{a + h){a-~b), 56; {a±b)t,Bl] (x4-a) 
{X 4- 6), 60; (mx 4- nYjpx 4- g), 63; 
(a±6Xa*=Fa*4-^),68. 

Properties of surds, 180. 

Proportion, 110. 



232 



INDEX 



Proportional, fourth, 111; mean, 111; 

third, 111. 
Pore Qoadraticfl, 187. 

Quadratic, afiected, 137, 192, 201 ; factor- 
ing of, 76, 299, 2U; pare, 187; simultar 
neooB, 212; surd, M7; theory of, 197. 

Queries, 26, 42, 79. 

Quotient, 86. 

Radical sign, 144. 

Ratio, 110. 

Rational, denominators, 177; monomi- 
als, 34; numbers, 167; polynomials, 84. 

Real numbers, 182. 

Reduction, fractions, 86, 88; L. C. D., 90; 
mixed expressions, 89. 

Remoyal of parentheses, 24. 

Root, cube, 68; definition of, 144; of 
equation, 43; of fraction, 145; of mo- 
nomial, 145; of unity, 201, 211. 

Rule of signs, addition, 12; diyision, 36; 
fractions, 86, 89, 92 ; multiplication, 27 ; 
powers, 64; subtraction, 21. 

Satisfy, an equatiofn, 48. 

Series, 222. 

Signs, aggregation, 7; continuation, 28; 
double, 146, 212; equality, 1 ; fractions. 
86, 89, 92; negatlTB, 11; positire, 11; 
powers, 54; rule of, 12, 13, 27, 36, 64,86, 
89,92. 

Similar terms, 16; addition of, 16. 

Similar surds, 170. 

Simple equations, 44. 

Simplify an expression, 83. 

Simultaneous, linear equations^ 121, 123« 
129,136; quadratic equations, 212. 

Solution, by formula, 196; hints on, 48; in- 
terpretation of, 143; Lost, 106; of equa- 
tions, 46, 106; principles intolved, 44. 

Solve an equation, 43. 



Square, completion of, 192; of binomial, 
68; of polynomial, 147, 148; perfect 
trinomial, 68, 174. 

Square rooc, 148, 149, 162, 166, 176. 

Sabtraction, definition of, 20; imagliia- 
ries, 188; monomials, 20; polynomials, 
22. 

Sabtrahend, 20. 

Sum, 16. 

Surd, 166; addition and subtraetion of, 
170; coefficient of, 167; degree of, 167; 
dissimilar, 170; division of, 176; equa- 
tions, 180; evolution of, 176; multipli' 
cation of, 172; properties of, 180; quad- 
ratic, 167; reduction of, 167, 172; 
similar, 170; square root of, 175. 

S]rmbols,a]gclbtaic,l; of aggregation, 7. 

Terms, arrangement of, 18; cancellation 

of, 45; definition of, 14; degree of, 34, 

43; dissimilar, 15; homogeneous, 34; 

negative, 14; positive, 14; rational, 84; 

r<*, 226; siniilar, 15; tranq>osition of, 

44. 
Theory, of exponents, 158 ; of quadratics* 

197. 
Third proportional. 111. 
Transforming an equation, 45. 
Transposition, 44. 
Trial divisors, 160. 
Trinomial, 17; square, 58, 174; afl-\- cue 

+ &, 62; aflC» 4- to H-c, 64; as* 4- ax*^ 

Unit, imaginary, 183. 
Unknown numbers, 48. 

Value, absolute, 11; numerical, 8. 
Verification of results, 21, 23, 81, 30, 46, 

47,228. 

Zero exponents, 160. 
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